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NOTATION 


(The  symbols  are  given  for  the  x-  and  y-dlreotlons,  x,  y, 
and  z  being  taken  as  rectangular  coordinates;  If  the  z- 
dlrectlon  Is  to  be  considered,  suitable  changes  in  sub- 
scripts and  definitions  are  easily  made.) 

^x»  ^y    Normal  components  of  stress  parallel  to  the  x- 
and  y-axes, 

^xy      Shearing  stress  component  parallel  to  the  y-axis, 

^x»    %    Strain  components  in  the  x-  and  y-dlrections, 

y-y      Shearing  strain  component  in  a  plane  parallel  to 
^  the  xy-plane. 

Ej.,  Ey    Moduli  of  elasticity  (Yoxmg's  moduli)  for  the  x- 
and  y-dlrections, 

^xy      Modulus  of  elasticity  in  shear  (modulus  of 

rigidity)  associated  vrlth  the  directions  of  x  and 

y. 

v^—y,  i;    Polsson's  ratio  associated  with  the  directions  of 
^   X  and  y;  i/^   is  the  ratio  of  the  contraction  in 

the  y-dlrectlon  to  the  extension  in  the  x-dlrectlon 
caused  by  a  tensile  force  in  the  x-direotion,  and 
V-^  is  defined  similarly. 

u,  V     Components  of  displacement  in  the  x-  and  y- 
dlrections. 
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INTRODUC?riON 

A  substance  for  which  the  elastic  properties  are  Inde- 
pendent of  direction  Is  said  to  be  isotropic.  If  the 
substance  is  not  isotropic  but  possesses  three  mutually 
perpendicular  planes  of  elastic  symmetry,  it  is  called 
orthotropic.  A  plate  of  uniform  thickness  made  of  ortho- 
tropic  material  in  such  a  way  that  the  faces  of  the  plate 
are  parallel  to  a  plane  of  elastic  symmetry  will  have  two 
perpendicular  axes  of  elastic  symmetry  in  its  own  plane  and 
is  called  an  orthotropic  plate.  The  objective  of  this  work 
is  the  determination  of  the  stress  distribution  in  a  cilxjular 
disk,  i.e.,  a  circular  plate,  of  orthotropic  material  sub- 
jected to  its  own  weight  when  supported,  with  its  plane 
vertical,  (1)  at  a  point  on  its  boundary  and  (2)  at  a  point 
at  its  center.  Point  support,  as  considered  here,  implies 
uniform  support  along  a  line  segment  Joining  the  faces  of  the 
disk  and  perpendicular  to  each  face  at  the  point  specified. 

As  a  practical  exEimple,  a  board  cut  from  a  log  in  such 
a  way  that  a  transverse  cross  section  is  on  a  diameter  of  the 
log  (quarter-sawn  board),  or  in  such  a  way  that,  at  its  mid- 
point, a  transverse  cross  section  is  peirpendicular  to  a 
diameter  of  the  log  (plain-sawn  board) ,  may  be  considered  as 
an  orthotropic  plate,  and  a  disk  taken  from  such  a  board  may 
be  considered  as  an  orthotropic  disk.  The  problem  consid- 
ered here,  then,  is  the  mathematical  idealization  of  the 
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problem  of  a  vxooden  disk  suspended  in  a  vertical  plane  from 
a  point  on  Its  boimdary  or,  In  the  second  case,  from  a  slen- 
der peg  at  Its  center. 

The  stress  distribution  in  a  oircvaar  Isotropic  disk 
subjected  to  its  ovm  weight  when  supported,  with  its  plane 
vertical,  at  any  point  has  been  obtained  by  R.  D,  I>lindlin, 
The  problem  of  the  stress  distribution  in  a  circular  ortho- 
tropic  disk  under  various  edge  loadings  has  been  solved  by 

2 
H,  F,  Cleaves,  using  a  complex  potential  function,  but  the 

weight  of  the  disk  was  not  considered. 

This  discussion  is  divided  into  three  chapters. 
Chapter  I  furnishes,  in  a  sense,  the  tools  for  the  investi- 
gation, containing  a  derivation  of  the  differential  equation 
governing  the  stress  distribution  in  an  orthotroplo  plate 
in  a  state  of  plane  stress,  a  discussion  of  a  general  solu- 
tion of  this  equation,  and  a  consideration  of  the  effect  of 
boundary  forces.  The  stress  distribution  in  the  disk  sup- 
ported at  a  boundary  point  is  obtained  in  Chapter  II,  and 
the  problem  of  the  disk  supported  at  its  center  is  solved 
in  Chapter  III.  In  these  treatments,  the  stresses  are 


1 
R,  D,  Mlndlin,  "Stress  in  a  Heavy  Disk  Suspended  from  an 
Eccentric  Peg,"  i7g\tfmL  9f  APPllg'^  P^yg^Lgg,  Vol.  9,  Nov,, 
193^,  PP.  715-717. 

2 
H,  P,  Cleaves,  "The  Stresses  in  an  Aeolotropio  Circular 
Disk,"  Quarterly  Journal  of  Mechanics  and  Applied  Mathe- 
aailfifi.,  Vol.  VIII,  Part  1,  March,  1955,  PP.  59-^0, 
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obtained  from  a  stress  function,  the  form  of  whloh  Is  assumed 
and  the  constants  of  which  are  evaluated  from  boundary  condi- 
tions and  from  considerations  of  continuity  and  slngle- 
valuedness.  In  each  of  Chapters  II  and  III  the  displacements 
In  the  disk  are  obtained  following  the  determination  of  the 
stresses,  and  In  Chapter  II  the  stress  fimctlon  for  the 
orthotroplc  disk  is  shown  to  contain  as  a  limiting  case  the 
stress  function  for  an  isotropic  disk  under  the  same  condi- 
tions. Differences  in  coordinate  systems  and  method  of 
attack  make  a  comparison  of  this  isotropic  stress  fimctlon 
with  that  obtained  by  I-Iindlln  unprofitable,  but  direct  solu- 
tion by  the  author  of  the  problem  for  the  Isotropic  disk  has 
verified  that  the  limiting  case  referred  to  above  is,  in  fact, 
the  Isotropic  stress  function. 


CHAPTER  I 

EQUATIONS  GOVERNING  THE  STRESS  DISTRIBUTION 
IN  AN  ORTHOTROPIC  PLATE  SUBJECTED  TO  ITS  OWN 
WEIGHT  UNDER  THE  CONDITION  OF  PLANE  STRESS. 

1,1.  Derivation  of  the  Differential  Equation  QcYemlUP:  ^Hr^&S. 
Distribution  la  ^   Orthotroplc  PO^te  iM££  PlSJia  SJiCSfiS.. 
Let  the  plate  be  referred  to  a  space  rectangular  coor- 
dinate system  (Fig.  l)  with  the  axes  taken  parallel  to  the 
planes  of  elastic  symmetry,  and  let  the  displacements  In  the 
directions  of  the  x-,  y-,  and  z-axes  be  u  =  u(x,y,2), 
V  =  v(x,y,z),  and  w  =  w(x,y,z),  respectively.  Then  the 
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Pig.  1 
components  of  stress  and  strain  are  related  as  follows: 


H.  W.  March,  Stress-Strain  Relations  in  Wood  and  Plvwooa 
Considered  as  Ort^otroplc  Materials ^  Forest  Products 
Laboratory  Report  No,  RI503,  February,  19^4-,  p.  2. 
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X   dx   E,  ^x   E„  ^y  "  eT^  ^ 


(1) 


-y  ^ 


V   ay    E^  ^Ji      t^^^      t^^x 


i    =±si  =  _i^;T  -^rr  +^fi- 
z   az    E^  ^x   E   ^y   E  ^z 
X       y       z 


xy   dx   dy   G^^  'xy 


yz   iy   dz   G   *yz  ' 
•^        yz 


zx   dx   dz   G    zx 
zx 


In  these  equations  E^,  E   and  E^,  are  Young's  moduli  In 
the  X-,  y-,  and  z-dlrectlons,  respectively,  and  G    Gy^, 
and  G^x  are  the  moduli  of  rigidity  associated  with  the  direc- 
tions of  X  and  y,  y  and  z,  and  z  and  x,  respectively.  The 
symbol  \J    represents  Polsson's  ratio;  In  particular,  V   is 
the  ratio  of  the  contraction  In  the  y- direction  to  the  ex- 
tension in  the  X- direction  caused  by  a  tensile  force  in  the 
x-dlrectlon. 

If  the  plate  is  loaded  only  by  forces  parallel  to  the 
plane  of  the  plate  and  distributed  uniformly  over  the  thick- 
ness of  the  plate,  then  the  stress  components  (T^,  Tyg,  and 
Tgx  ^^®  zero  on  the  faces  of  the  plate  and,  for  a  thin  plate, 
it  may  be  assumed  that  these  components  are  zero  within  the 
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plate,  also.  The  remaining  stress  components,  cT^,   cTy,  and 
Txy,  may  then  be  assumed  to  be  Independent  of  z,  that  Is, 
assumed  to  be  functions  of  x  and  y  only.  Such  a  state  of 
stress  Is  called  plane  stress,  and  will  be  taken  to  repre- 
sent the  stress  condition  in  the  treatments  of  this  and  the 
following  chapters. 

Under  the  condition  of  plane  stress,  equations  (l) 
become 


xy   5^   dy   G~  ^xy 


The  equations  of  equilibrium  for  plane  stress, 


^ek  +  ijjsi+  x  =  o 


dx  d  y 

(3) 

^  +  4£k  +1  =  0    . 

OX  dy 


in  which  X  and  Y  are  the  x-  and  y-components,  respectively, 
of  the  body  force  per  unit  volume,  are  obtained  by  applying 
the  conditions  of  static  equilibrium  to  an  elementary  block 
of  the  plate,  shown  with  its  applied  stresses  in  Pig,  2,  If 
the  body  force  acting  on  the  plate  is  that  due  to  gravity, 
and  if  the  plate  be  so  oriented  that  the  x-axls  is  downward. 


then 
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0 


dy     ^ 


fY 


\y 


-»-X 


Fig.  2 


X  «  ^  g   and   Y  =  0 , 


(^) 


where  p  is  the  mass  density  of  the  material  and  g  is  the 
acceleration  due  to  gravity.  For  this  situation,  equations 
(3)  "become 


— — i  +  ii  +  per  =  0 

.^x    ay    1^ 


(5) 


dx    ay 


=  0 


These  equations  will  be  satisfied  if  there  is  intro- 
duced  a  stress  function  F(x,y)   such  that 


0.  B,  Airy,  Report  of  t^ft  British  Aflsofilfttlon  fnr  the 
4dv?mGemf{j:^t  of  SolenQef  1862. 


^x  = 


^2; 


5;2-rs^'    ^y^a^'/"^'    ^xy  =  -a^    .         (6) 


The  requirement  that  the  displacements  u(x,y)  and 
v(x,y)  be  single-valued  and  continuous  (class  three)  gives 
rise,  in  the  case  of  plane  stress,  to  the  follov/ing  differ- 
ential equation  in  the  strains,  known  as  the  compatibility 
equation  for  plane  stress: 

ay2      ax2      axay      .  (7) 

Equations  (6)  substituted  into  equations  (2)  yield 

^    E^^ay2    P^i     Ey  la^2     f^)    * 
'^y        E^  iay2    r^^'y     Eylax2    f^^j    • 

xy   "  G^y  ax^y  . 

Using  these  expressions  for  the  strains  in  equation  (7) 
and  using  the  relation-' 

45  =  -^  ,  (9) 

y    X 

we  obtain  the  differential  equation 


5 

March,  pp.  cjt,.,  p.  7. 
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Under  the  substitution^ 

^  =  €y  ,  (11) 


with 


^     y 


equation  ^J^^l*  "becomes,  upon  multiplication  by  E^ 


where 


xy     *^x 


M) 


Prom  the  foregoing  derivation  of  equation  (13),  it  is 
clear  that  any  function  F  which  satisfies  that  equation  xvlll, 
by  means  of  relations  (6),  satisfy  the  equilibrium  equations 
(5)  and  the  compatibility  equation  (7).  Some  information  on 
the  form  of  the  stress  function  is  given  in  the  section  which 
follows , 

1.2.  A  General  Solution  of  the  Differential  Equation. 

Assuming  a  solution  of  equation  (13)  to  have  the  form 


6 

H.  W,  March,  Flat  Plates  of  PlvtTOOd  Under  Uniform  or  Con- 
centrated Loads.  Forest  Laboratory  Report  No.  1312, 
riarch  19^12,  p.  4o. 
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P  =  F(x  +/-<>() ,  we  are  led  to  the  auxiliary  equation 

fj^  +  2K  l^^  +  1  =  0      ,  (15) 

a  quadratic  equation  la   ^J^^   with  roots 

/^2  =  _  K  1  Vk^  -  1   .  (16) 

For  wood,  K,  as  defined  "by  equation  (1^)  ,  Is  probably  always 
greater  than  1,' 
Let 

K  =  cosh  (p     .  (17) 

Then 

^2  _  _  cosh  9  t  Voosh^c^P  -  1 

=  -  cosh  (p   1  slnh  cp 

=  _  Q'*   4-  g-»  ^   e^  -  e-^ 
2-2 

=  -  e**^   .  (Ig) 

Hence,  the  roots  of  equation  {ZJ^  may  be  written 
/u  =  I  le  ^  ,  or 

A^l  =  i»,  IJ^  =  'io.,    ij^  =  lf3,    ^i^  =  -l/9,  (19) 
where 


C.  B.  Smith,  Effect  of  Elliptic  or  Circular  Holes  on  the 
Stress  Distribution  in  Plates  of  Wood  cr  Plywood  Considered 
Qs  OrthotronUp  Fjiterials.  Forest  Products  Laboratory  Report 
No.  1510,  19^,  p.  5. 


-11- 

a  =  e^     =  \Jk  +Vk2  -  i 
and  ( 20 ) 

/3  =  e  *    =  Vk  -VK2rri        . 

It  will  be  assumed  throughout  this  work  that  o^  ^  (^  ,   unless 
specifically  stated  otherwise. 

A  general  solution  of  equation  (13)    Is,    then, 

P  =  Pi(x+la>|)    +  F2(x-la>j)    +  F^(x+l/3y|)    +  Pi^.(x-i/3>|)       ,         (21) 

where  the  functions  Pj,  j  =  1,  2,  3,  k,   are  any  analytic 
functions  of  their  respective  arguments. 

The  requirement  that  the  stresses  obtained  from  this 
stress  function  be  real,  leads  one  to  consider  the  real  part 
of  P,  denoted  by  R{P},  as  a  possible  solution  of  equation 
(13),  That  R{F}  is,  indeed,  a  solution  of  that  equation  can 
be  seen  by  examining  separately  the  terms  RiPj),  j  =  1,  2,  3, 
k,   of  H{F}.  For  example,  substitution  of  R{Pi(x  +  ioiv|) }  for 
F  in  equation  (I3)  gives 

(1  -  2Ka2  +  cx^)R  d^gl(x  -H  lay   ^  Q   ^  (22) 

d(x  +  iayj)^ 

This  eqiiation  Is  satisfied  by  virtue  of  equation  (I7)  and  the 
first  of  equations  (19)  and  (20).  Hence,  R{F-,_(x  +  lav^) }  is  a 
solution  of  equation  (13),  Similar  results  obtain  for 
R{P2(x  -  iarj)},  R{P^(x  +  i/9vj)},  and  R{Pi^(x  -  1^>|)1,  whence  it 
follows  that  R{F},  with  P  given  by  equation(21) ,  is  a  solu- 
tion of  equation  (I3).  And  it  is  R{F},  then,  which  will  be 
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used  in  place  of  F  In  equations  (6)  to  give  the  (real) 
stresses. 

Since,  for  f(z)  analytic,  the  real  part  of  f(z)  is  har- 
monic, we  can  obtain  an  analytic  fimction  g(z)  such  that 
R{g(z)}  =  R{f(z)}.  Thus,  the  function  R{F},  from  equation 
(21),  may  be  written 

R{P}  =  R{G^(x  +  iav^  +  G^{x   +  i /9>^) }   ,         (23) 

where  C^   and  Q2  ^^®  analytic  functions  of  their  respective 
arguments. 

The  problem  of  obtaining  the  stress  distribution  in 
such  a  plate  as  is  considered  here  is  solved,  then,  when 
there  is  found  a  fixnction  in  the  form  of  eqiiation  (23)  such 
that  the  corresponding  stresses  and  strains  satisfy  the  boimd- 
ary  conditions  on  the  plate. 

It  is  apparent  from  equation  (23)  that  it  will  be 
useful  to  introduce  two  new  systems  of  orthogonal  Cartesian 
coordinates  (X]^,  y^)  and  (x2,  y2)  related  to  the  coordinates 
(x,>|)  by  the  formulas 

x-L  +  iy^  =  Zj^  =  X  +  iavj  and  X2  +  iy2  =  Z2  =  x  +  i0>j.   (2^) 

Hence,  to  any  point  P  in  the  region  R  lying  in  the  z-plane 
correspond  points  Pq_  and  P2  inside  some  regions  R^  and  R2 
which  lie  in  the  complex  z-j_-  and  Z2-planes,  respectively.  In 
order  to  solve  a  problem  of  the  proposed  type,  we  shall  make 
use  of  two  mapping  functions  z^^  =  Zi(?i)  ^^^  z^   =  22^ ^2^ 
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whlch  are  analytic  functions  of  the  complex  variables  t i  and 

To,  respectively,  and  xvhloh  map  the  regions  ^2.   ®^^  ^2  ^^° 

regions  more  easily  discussed, 

1.3.  Effect  of  Boundary  Forces. 

If  the  force  on  the  boundary  per  unit  length  and  unit 
thlclaiess  has  x-  and  y-components  denoted  by  X^  and  Y^  , 
respectively,  then  the  following  relations  must  be  satisfied 
on  the  boundary; 


^v   Ox  ^g   ^xy  ds   ' 

(25) 

^^   ^xy  ds    y  ds  * 

where  ds  denotes  an  element  of  the  boundary.  With  the 
stresses  given  by  eqiiations  (6),  equations  (25)  may  be  re- 
written in  terms  of  the  stress  function  to  yield 

^^       dsUy/  r^   ds  ' 

(26) 


^^  -  -   dsUx)   PS^  ds  • 


S.  Timoshenko  and  J.  N.  Goodier,  Theory  of  Elasticity. 
KcGraw  Hill  Co.,  New  York,  1951 1  P.  190. 


CHAPTER  II 

STRESS  DISTRIBUTION  IN  AN  ORTHOTROPIC  DISK 

SUBJECTED  TO  ITS  OWN  WEIGHT  WHEN  SUPPORTED 

AT  A  POINT  ON  ITS  BOUNDARY. 

2.1.  Bpyifldfiry  Conditions. 

Consider  an  orthotroplc  disk  of  radius  a  and,  for  con- 
venience, of  imit  thickness.  Let  the  center  of  the  disk  be 
taken  as  the  origin  of  a  plane  rectangular  coordinate  sys- 
tem (Fig,  3)  with  X-  and  y-axes  parallel  to  the  axes  of 
elastic  syTumetry,  The  disk  will  be  considered  to  be  so 
oriented  that  the  force  on  it  due  to  gravity  has  the  same 
direction  as  the  positive  x-axis.  The  case  of  point  support 
(at  the  point  (a,  0)}  will  be  considered  as  the  limit  of  the 
case  in  which  the  supporting  force  pgrra^  is  distributed  over 


pina 


Fig.  3 
-1^- 
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an  arbitrarily  small  arc  of  the  boundary,  according  to  the 
following  boundary  conditions  (see  Fig.  3)S 

Xj^  =     0   ,  for  all  other  values  of  e;  (27) 
Y^,  =     0   ,  for  all  values  of  6. 
In  these  conditions,  6  is  an  angle  measured  from  the  posi- 
tive X-axis,  and  ?  Is  an  arbitrarily  small  (positive)  Eingle, 

2.2.    |-ifipp;u^g  PygtgtiiQns* 

Referring  to  the  discussion  of  mappings  on  page  12,  vxe 
observe  that  the  regions  Ri  and  Rg  are  In  this  case  bounded 
by  elliptical  curves  given,  respectively,  by  the  equations 

Z]_  =  a  (cos  ©  +  1  oi.€  sin  ©) 
and  (2g) 

7.2  =  a  (cos  9  +  l/9€  sin  ©)    , 
Let  ^-^  and  ?2  ^®  functions  of  z^  and  Z2,    respectively,  which 
map  these  boimdaries  into  the  unit  circles  T^^  =  e^®  and 
^2  =  e^^  in  the   ^,-  and  Tp-planes,     Then,    in  terms  of  T^, 


cos 


so  that 


or 


»  =  |(^1  +  i-)   and  sin  ©  =  |^(!^  -  i-)      ,      (29) 

.^  =  |(T^  .  1.)  .  a^T,  .  1»)     , 

21  =  aO^ti  +  ^^ii-=-^il  i-  .  (30) 
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Slmilarly,   considering  Tg  ^^^  Zg,    it  is  foiind  that 

Solution  of  equation  (30)    for  T,   and  equation  (31)   for  ^g 
yields 

and  (3a) 

If  we  let 

r-L  =  a€     ,  r^  =  /3€    .  (33) 


W;L  =  t\]zl  +  a2(r2  -  1)   and  W^  =  ix/z^  +  a2(r|  -  l)  (3^) 


then 

z-i    +  V/, 


n   -   "1, 
^1       a(l+r^ 


and  (35) 

^2  "  a(l  +  r^)      . 

The  fimction  W^  has  branch  points  z-j_  =  1  a'\]l  -  r-j_  , 

which  are  the  foci  of  the  first  ellipse  (2g).  Let  the  line 
segment  joining  these  points  be  taken  as  a  branch  cut.  From 
equations  (12),  (20),  and  (33),  it  may  be  seen  that  r-j^  >  0 
and  Tg  >  0.  If  r^  <  1,  then,  on  the  branch  cut 

Zj^  =  X,  with  I  x|  ^  a  Vl  -  r|  ,  (36 ) 
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and 


h  =  Krhj^-  -  V=^  *  ^'('i  - 1'  1 


"  a(l  *  ri)  -  ^  a(l  *\) •         (37) 

Hepresentlng  T^  ^y  '^"*"  ^V^i  with  %  and  ^//  real,  we  have 

^  Va^d  -  rf )  -  x^ 
^  =  all  ?  ri)  ">*  ^  =  i  a(l  A^) .       (38) 

Whence 

Thus,  the  Image  In  the  ?j^ -plane  of  the  branch  cut  in  the 
Zj^-plane  la  a  circle  of  radiusW — Z-El.   ,  If  r^  >  1,  then 

the  branch  points  are  on  the  axis  of  imaginarles  in  the 
ZQ^-plane,  and,  on  the  branch  cut, 

z^   =  iy,  with  ly|  2  a\jr^   -  1  .  (IR)) 

An  analysis  like  the  one  above  shows,  however,  that  the  image 
in  the  T^-plane  is  again  a  circle,  this  time  with  radius 


ri  +  1  • 

Let 

"=Vp? 

(hi) 

In  either  case,  then,  the  fionction  1"^  maps  the  region 
B^   bounded  by  the  first  ellipse  (2S),  with  the  cut  Joining 
its  foci,  into  the  region  In  the  ?|]_-plane  lying  between  the 
concentric  circles  IT^I  »  lo|  and  IT^I  =  1.  It  can  be  shown 


slmilarly  that  the  function  to  maps  the  region  Eg  bounded  "by 

the  second  ellipse  (28),  with  a  branch  cut  Joining  its  foci, 

Into  the  region  in  the  To-Plane  lying  between  the  concentric 

circles  Itpl  =  ld|  and  ITol  =1,  where 

2.3.  IhS.   g tress.  FWAQUon;  Coft4AU9A9  ISi:  Slngle^Valuedness 
2M  Continuity. 
The  stress  distribution  in  the  disk  under  consideration 
is  obtained  by  finding  a  solution  of  equation  (13)  in  the 
form  of  equation  (23),  i.e.,  the  real  part  of  the  sum  of  an 
analytic  function  of  z^^  and  an  analytic  fimction  of  Zg,  which 
satisfies  equations  (26)  on  the  boundary  of  the  disk,  with 
X^  and  Y^/  given  by  equations  (27).  The  ring-shaped  regions 
into  which  the  regions  R^  and  Rg  of  section  2.2,  with  their 
branch  outs,  are  mapped  by  the  functions  '^^  ^^^   ^2  suggest 
the  use  of  Laurent  series  in  t^  andCg  for  this  purpose;  in 
particular,  they  suggest  the  assumptions 

d£  =  ^^-l  Vl  ^  -I  V2J 
and  (lf3) 

3p    .  *      n   <»      n 

whei?e  Sjj^  and  b^^  are  complex  coefficients  to  be  determined  by 
the  boundary  conditions. 

The  requirement  that  the  stresses  obtained  from  this 
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stress  function  F  be  single-valued  Is  tantamount  to  the 
requirement  that  l^^  and  ^2  ^®  single-valued  functions,  I.e., 
that  the  variables  z-j^  and  z^   "be  not  allowed  to  cross  the 
branch  cuts  In  their  planes.  This,  In  turn,  amounts  to  the 
stipulation  that  the  signs  taken  with  W^  and  Wg  (equations 
(3^))  be  such  that 

a(l  +  r-^)\        ' 


\\\- 


and 


+  W, 


i^2i  =  sfrr 


V 


+  1 


r£3T 
rg  +  l 


m) 


l,e, ,  such  that 


Izi  +  W^l  >  al  Vrf  -  1 


and 


(i^5) 


+  W:,  ^  a 


U^^ 


A  further  consideration,  If  the  stresses  are  to  be  con- 
tinuous. Is  the  behavior  of  4^  and  •—  In  the  vicinity  of 
the  branch  cuts  In  the  z-^-   and  zg-planes.  Assume  for  the 
moment  that  Tn  >  1,  so  that  the  branch  cut  In  the  z-j_-plane 
Is  on  the  Imaginary  axis.  As  a  point  on  the  cut  is  approached 
from  below  (see  Fig.  4-), 

(1^7) 


1©. 


^1—  ce 
and  as  the  same  point  1b  approached  from  above, 


-  ce 


rie. 


where  e-^   depends  on  the  particular  point  approached.  The 
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•-y. 


2^-plane 


(^U^-plane 


Fig.  ^ 


values  approached  by  t—  and  -r—  as  ^-^   approaches  its  limit 
must  be  the  same  for  both  cases.  It  is  seen  upon  reference 
to  equations  (^3)  that  this  requirement  will  be  met  if 

Equating  the  coefficients  of  like  powers  of  e^^i  ,  we  are  led 
to  the  relations 

a-n  =  ^-^^^^^  ,  n  =  0,  t  1,  1  2,  .  .  .   .(1^9) 
If  rg  >  1,  this  same  process,  x-^ith  subscripts  1  replaced  by 
subscripts  2  and  c  replaced  by  d,  leads  to  the  relation 

b_^  =  (-d2)^^  ,  n  =  0,  1  1,  1  2,  .  .  .   .     (50) 

If  one  of  the  constants  r^  and  r2  is  less  than  1',  then 
the  corresponding  branch  cut  is  on  the  real  axis.  The  case 
r^  <  1,  for  example,  implies,  by  equation  (^l),  that  c  is 
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Imaglnary,  so  that  |c|  =  -  Ic,  As  z-j_  approaches  a  point  on 
the  branch  cut  from  the  right, 

Sj^— (-lc)e^®^   ,  (51) 

and  as  z-j_  approaches  the  same  point  from  the  left, 

Ti  — (-lc)e"^®i   ,  (52) 

Novx,  the  requirement  that  the  values  approached  by  ^  and  ^ 

"^  dx    Sy 

be  the  same  for  both  cases  can  be  shovm  to  lead  again  to 
relation  (^9).  If  r2  <  1,  this  process,  with  subscripts  1 
replaced  by  subscripts  2  and  c  replaced  by  d,  yields  relation 
(50)  again. 

2.k,      The  Constants  Determined  from  the  Doundarv  Condition^. 

For  the  boundary  of  the  disk,  where  ^2.  ~  ^2  ~   ®^^» 
equations  (^3)  may  be  written 

and 


(53) 


Now,  X  =  a  cos  e  and  y  =  a  sin  e  on  the  boundary,  so  that 


and 


and 


ds   a  (S"*) 

(55) 
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where  the  symbol  S*  is  used  to  indicate  that  the  constant 
term,  corresponding  to  n  =  0,  is  missing , 

Substituting  these  expressions  for  |-(|^)  and  |-(|^) 
in  equiations  (26),  and  noting  that 

pgx  ^  =  pga  cos  ©  •  a  cos  ®  *  ^  "^  P^®  ^°^^  ^ 

=  ^(1  +  cos  2e)  =  -^(2  +  e^^®  +  e-2ie) 

^*  (56) 

pgx  ^  =  pga  cos  0  •  (-  a  sin  ©)  ^  =  -  pga  sin  ©  cos  © 

=  -  ^  Sin  2©  =  -^(e^lQ  -  e-21©)   , 

we  obtain 

X^  =  -  i  R{  I*  n(r3_a^  +  r^^y^^'^}   -  ^(2  +  e^i©  +  ©-21©) 

and  (57) 

Y^  =  -  i  R{i  |-n(a^  +  b^)e^i^}  +  ^(e^i^  -  e'^^^)      . 

The  identity  R{w}  =  ^(w  +  (?) ,  vrhere  w  denotes  the  complex 
conjugate  of  w,  permits  the  rewriting  of  equations  (57)  i^a 
the  form 

^v  =  -  |^.tCn(r3^a^  +  r^^^)^^   +  n(ria^  +  r2b„)e-^i»] 

-  ^(2  +  e2i»  +  e-21^) 
and  (53) 

^v  =  -  kr^^^^  ^  ^n)e^'^  -  n(a^  +  S^)e-^^] 

^  ^gai(32i©  .  ^-2i©)   ^ 

Let  the  function  X^  given  by  the  first  two  of  equations 
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(27)  "be  represented  by  a  complex  Fourier  series  as  follows: 

^^  =  1^®''^^  »  ^59) 

where 


c„  = 


Integrating,  we  obtain 

~  "  ^^  -  nl?     » 

n  =  0,  t  1,  1  2 (61) 

These  constants  represent  the  only  appearance  of  the  quantity 
^  in  this  discussion.  Their  limits  as  ^  approaches  zero, 
representing  the  desired  case  of  point  support  of  the  disk, 
are  found  by  1 'Hospital's  rule  to  be 

®n  =  -  ^  »  n  =  0,  i  1,  i  2,  .  .  .   .       (62) 
Hence,  by  equation  (59), 

Xv—'^le^^^   .  (63) 

The  third  of  equations  (27)  states  that 

Yy  =  0   ,  for  all  values  of  ©, 
With  the  use  of  these  last  two  equations,  equations  (5^) 
become 
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and 

.nl»   ^/»  .  r  \_-nie 


i&i-) 


+  ^(e2i©  -  e-21»)  =  o  . 

In  each  of  these  equations  the  coefficients  of  like  powers 

16 
of  e   In  the  lefthand  and  righthand  members  must  be  equal, 

in  order  that  the  equations  may  hold  for  all  values  of  B, 

Equating  the  coefficients  of  e^^^  in  the  two  members  of  each 

of  equations  (64),  we  obtain 

-  kf^^^^l\  +  ^2^n^^  -^  fe^^^V-n  -^  ^2^-n)3  =  -  ^ 

and  (65) 

-fetn(a^  +  b^)]  -|^n(5,^H-b.^)]  =0  , 

n  =  '*"l  ■*'-5  +4 
and,  for  n  =  1  2, 

-  k^^^^l^  +  ^2^n)3  +  fetn(ria.^  +  r^b.^)]  -  ^  =  .  ^ 
^^  (66) 


-  ktn(a^  +  b^)]  -  |^n(a.^  -h  b.^)]  1^  =  0, 

where  the  sign  of  the  term  P^   in  the  last  equation  is  the 

same  as  that  of  n.  In  the  expressions  for  4^  and  ~  clven 

dx     dy   s-^''^* 

by  equations  (^3),  the  terms  involving  a^  and  b^  are  constant 
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terms  and  hence  do  not  affect  the  stresses,  given  by  equa- 
tions (6),  There  is  no  need,  therefore,  to  consider  the 
case  n  =  0  In  evali^atlng  a^  and  "b^. 

Equations  (65)  are  equivalent  to  the  following  system 
of  equations,  wherein  n  may  assume  the  values  1,  3,  4, 


•  •  •  • 


2 
-  V-n  -  ^2^-n  ■"  ^A  -^  ^2^n  =  ^  • 


^      n     *^-n     -n        » 
and 


(67) 


a^+   b   +   a.+   b 

-n      -n     ^ 


n 


With  the  use  of  equations  (^9)  and  (50),  this  system  may  be 
written 

(68) 
a„+        b„+   (-o2)%+   (-d2)»b„  =  0. 

and      p  jj 

(-c^)  a^  +   (-d2)"b^  +        a„  +        b^  =  0, 

n  =  1,  3,  i^,  .  .  .  . 
It  may  be  seen  similarly  that  equations  (66)  are  equivalent 
to  the  system  of  equations 
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2 

(69) 

n  =  2. 

The  sum  of  the  first  two  of  equations  (65)  and  the  sum  of  the 

last  two  of  those  equations  are,  respectively, 

2 
r^^Cl  -  (-c2)^](a^  +  5^)  -^  ^2^^^  "  ^•^^^''^^^n  "^  ^n^  =  ^^ 

and  (70) 

Cl  +  (-.c2)»](a^  +  %i)  +   tl  +  (-d2)^](b^  +  ^)  =  0  , 

n  =  1.  3,  ^,  .  .  .  . 
The  respective  differences  are 

riCl  +  (-c2)^](a^  -  aji)  +  r2Cl  +  (-d2)^](b^  -  ^)  =  0 

and  (71) 

[1  -  (-c2)^3(a^  -  a^j)  +   [1  -  (-d2)^](b^  -  b^)  =  0  , 

n  =  1,  3,  ^,  .  .  .  . 

Let 

a^  =  A^+la^    and     \  =  \  ■"  ^ftj,      '  ^72) 

where  A^^,  a^,  B^,  and  ft^   are  real  constants.  Then  equations 
(70)  and  (71)  become,  after  division  by  2, 
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and 


[1  +  (-c2)^]A^  +   [1  +  i^^)'^2\   =  0 


^^Cl  +  {-c2)^]a^  +  r2[l  +  (-d2)'']f3j^  =  0   , 


[1  -  (-c^)^]a^  +   [1  -  (-d2)^]/3j^  =  0   , 


(73) 


(7^+) 


n  =  1.  3,  ^1-. 


Corresponding  eqiiations  for  n  =  2,  obtained  from  equations 
(69)  by  the  same  method  as  that  applied  above  to  equations 
( 6g ) ,  are 

r^Cl  -  (.c2)^]A^  +  rgCl  -  (-d2)^]B^  =  ^  , 


Cl  +  (-c^)^]A^  +   [1  +  (-d^)^^]B^  =  ^  ^ 


Cl  +  {-c^)'']aj^  +  r2[l  +  (-d^)'']/3n  =  ^ 


(75) 


(76) 


and 

[1  -  (-c'')^]a^  +   [1  -  i^'^nfS^  =   0 

n  =  2, 

It  V7111  be  sho;m  that  the  determinant  of  the  system 
(73) »  and  hence  of  the  system  (75) >  can  equal  zero  for 
n  =  k,  a  natural  number,  only  if  Aj^  and  B^  do  not  affect  the 
stress  distribution  in  the  disk  and,  similarly,  that  the 
determinant  of  the  system  (7^)»  soad   hence  of  the  system  (76), 
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can  equal  zero  for  n  ^  k  only  If  a,  and  /S,.  <3.o  not  affect  the 
stresses.  Let  these  determinants  be  denoted,  respectively, 


by  D^  and  D^^,  let 


^n  = 


r^Cl  -  (-c^)^]    r2Cl  -  (-d^)""] 


1  ^  (-c^)^ 


1  +  (-d^)^ 


and 


D'  = 
n 


r,[l  +  (-c2)^]    rgCl  +  (-d^)"^] 


1  -  i'C^) 


2^^ 


1  -  (-d'^) 


(77) 


If  D^  =  0  for  n  =  k,  and  if  we  consider  g  =  0,  then  equations 
(73)  (or  equations  (75)  if  k  =  2)  permit  arbitrary  values 
of  Aj^  and  B^   and  hence,  if  Aj^  and  Bj^  affect  the  stresses, 
allow  a  stress  distribution  in  the  disk  when  no  external 
forces  act.  This  situation  cannot  exist  physicsilly.  There- 
fore, D^  =  0  for  n  =  k  implies  that  Aj^  and  Bj^  have  no  part 
In  determining  the  stresses,  or,  stated  otherwise,  if  Aj^ 
and  Bj^  do  affect  the  stresses,  then  ^  ?^  0»  '^^   same  argu- 
ment applied  to  D^^  shows  that  I^  =  0  implies  that  a  j^  and 
f3jj  have  no  part  in  determining  the  stresses,  which  is  to  say 
that  if  ex     and  /3  do  affect  the  stresses,  then  D^  j^   0, 

To  determine  which  of  the  constants  do  affect  the  stress 
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dlstrlbutlon  and  which  do  not,  consider  equations  (^+3)1  which 
may  be  rewritten  In  the  form 

H  =  ^^  I  K^  '   --n^r)  ^  I  ^  V2  ^  ^-n^"^  '   -o  ^  ^0} 

(7S) 

and 

+  ir-^a^  +  irgb^}  . 

Since  a  and  b  do  not  enter  into  the  stresses,  given  by- 
equations  (6),  they  may  be  taken  equal  to  zero.  With  the  use 
of  equations  (^9)  and  (50),  the  equations  above  become  (vxith 

^0=^0=  0) 

and  (79) 

Consider  now  the  factor  rj  +  (-c^)^7^^  .  It  will  be  proved 

that 

^l  +  {^2jn^-n  ^  p^^^^j  ,  n  =  1,  2,  .  .  .  ,    (SO) 

where  ^^^(z:,)  is  a  polynomial  in  z-^   of  degree  n  in  which  the 
coefficient  of  z^,  k  =  0,  1,  ,  .  .  ,  n,  depends  on  both  n 
and  k.  Prom  equation  (30),  the  first  of  equations  (33) 1  ^^^ 
equation  (^l),  we  have 


or 


aTT 
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Zl  -     2    >1  ^     2    ^1 

2     ^a  ^  1  +  ri  H  ^ 


(SI) 


A  similar  eqiiatlon  can  be  seen  to  hold  with  subscripts  1 
replaced  by  2  and  c  replaced  by  d;  thus 

Squaring  both  members  of  equation  (2l)  and  letting 

"0  '  ad  I   r^)   .  <«3» 

we  obtain 

or 

-  2lLj_  +  k^  z^  =  ^^  +  (.^2j2  ^-2   ^  (gi^j 

where 

k3_  =  (-c2)  .  (g5) 

Thus,  equation  (^O)  holds  for  n  =  1,  2.  Assume  that  it  holds 
for  n  =  m,  a  natural  niimber.  To  demonstrate  that  It  holds 
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for  n  =  m  +  1,  we  multiply  the  rlghthand  and  lefthand  members 
of  equation  (S50),  with  n  =  m,  by  the  lefthand  and  rlghthand 
members,  respectively,  of  eqiiatlon  (31)  to  obtain 

=  T^^  -H  (.c2)^l^  j('^l)  +  Vm-1^^1^   • 


or 


Vl(^l)  ='^T^*   (-o^)'^!-:-'^!  .  (86) 

where 

It  follows,  by  the  principle  of  mathematical  Induction,  that 
equation  (20)  holds  for  the  indicated  range  of  values  for  n, 
A  similar  result  obtains  for  the  factors  Tg  "''  ("^  ^  To  ^^^ 
polynomials  P^(z2).  Therefore,  each  of  the  terms  in  equa- 
tions (79)  for  ~  and  |*-  is  equal  to  a  polynomial  in  Z]_  or 

Zg  of  degree  equal  to  the  index  of  the  term.  Since,  by 

equations  (6),  the  stresses  are  obtained  by  differentiation 

dz.  dz. 


°^  If  ^^  I?'  ^^  ^^""^^  dT"  =  1  ^^  dT"  =  l^J.  J  =  1.  2,  it 
follows  that  all  terms  vflth  indices  greater  than  1  will  have 
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a  part  in  determining  the  stress  distribution.  That  is,  all 

terms  containing  one  of  the  constants  ^$^jx*   ^»/^n»  "^^^^ 

n  =»  2,  3,  .  ,  ,  ,  do  affect  the  stress  distribution.  The 

contributions  to  |^  and  4^  of  the  terms  with  index  1  are 
ax     dy 

seen,  from  equations  (79),  (Si),  and  (32),  to  be,  respec- 
tively, 

^^^^1  ■"  ^^i^ad  I  ri)  ^1  ^  <^  -^  ^^i^mrh^  ^2} 

and  (Sg) 

H{iri(A3_  -f  iai)^(3^  g  ^^)  z^   +  ir2(B3,  4-  i^^)-^^-^  ^^y 


Hence,  for  the  terms  with  index  1,  the  contribution  to 

:tr^  *  ad  *r2)       '  <S9> 


B:^^^ 


32p 
the  contribution  to  — =■  is 


2r^Aj^  2r|Bj^ 

aTi  +  r^  ■*  a(l  +  rg) 


a2p 

and  the  contribution  to  ^  ^  is 


(90) 


aTT+r^      a(l  +  rg)      * 


(91) 
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Eef erring  to  equations  (6),  we  see  that  A]_  and  B-l  do  affect 
the  stresses  (7^  and  (Jy,  whereas  a ^  and  /Sn  do  not,  and  that 
the  contribution  of  the  terms  containing  a -j^  and  p^  to  the 
stress  r   is 

a  1  +  r^^   1  +  r2   '  ^^  ' 

It  will  be  shown  later  (after  solution  of  equations  (7^)) 
that  this  expression  is  equal  to  zero,  so  that  a^^  and  /S-^  do 
not  affect  the  stresses, 

Sinoe  Ajj  and  B^  affect  the  stresses  for  n  =  1,  2,  ,  .  .  , 
we  conclude  from  the  argument  on  page  33  that 

Dq  ?«  0,  n  =  1,  2,  ,  .  .  ,  (93) 

and,  since  a^^  and  (i^   affect  the  stresses  for  n  =  2,  3,  ,  .  ,  , 
we  conclude  that 

D^  7^  0,  n  =  2,  3,  .  .  .  .  (9^) 

Calculation  shows  that  D^'  =  0.  This  in  itself  Implies,  by 
the  argument  on  page  23,  that  a^  and  /3^  do  not  affect  the 
stresses,  but,  as  stated  below  expression  (92),  this  conclu- 
sion will  be  verified  later,  as  a  matter  of  interest. 
Simultaneous  solution  of  equations  (73)  yields 

^n  -  "n^    D^  (95) 

and 

n  =  1,  3,  ^,  .... 


'3^ 
where  D  Is  the  determinant  given  by  the  first  of  equations 
(77)  which,  upon  expansion,  may  be  written 

Dj^  =  (ri  -  r2)[l  -  (o2d2)^]  -  (ri  +  r2)[(-c2)n  -  (-d2)n3^ 

n  =  1,  2 (97) 

The  values  of  A2  and  Bg  obtained  by  simultaneous  solution 
of  equations  (75)  a^e 

^  ^  1-Hd^  ^  ,^2  1  +  d^  +  r^d  -  d^) 


2  I>2     ^*-                        ^2                         * 
i.e., 

Ag  =  [Aj^,  equation  (95)]n=2  "  ^f^  ^ "p  ''^  " (9^) 

^^  k         k 

.2  nd  -  c^)  -  (1  +  0^) 


B 


2 


=  T^  "^'^  -  -  fc 


£  r^ ,  ^  Lifij:jiii^  . 


pPia.'^   ______   

=  -^2   -^g""^"^^^  ^^2 

i.e., 

nD*2  r.  +  1  -  (rn  -  l)c^ 
Bg  =  [B^,  equation  (96)1^=2  +  ^f^  -^ D^ .  (99) 

It  follows  from  equations  (7^)  and  (76)  and  statement 
(94-)  that 

a^  =/3j^  =  0,  n  =  2,  3,  .  .  .  .  (100) 

As  Stated  earlier,  !)£  =  0,  which  implies  that  equations  (J^) 
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are  dependent  for  n  =  1.  Solution  of  either  of  these  equa- 
tions for  a^^,  utilizing  the  definitions  (^1)  and  (42)  of  c 
and  d,  yields 

ro(r,  +  1) 


a,  =  - 


rVTrT  +  1 


y/3i  (101) 


1^^2 

where  the  constant /Sj^  Is  arbitrary.  Use  of  equation  (101) 
In  expression  (92)  shows  that  that  expression  vanishes 
Identically,  v/hlch  completes  the  demonstration  that  cxj,  ^^*^ 
^2.   do  not  affect  the  stresses.  It  Is  convenient  to  set 

0^1  =  /3l  =  0  .  (102) 

As  a  convenient  summary  of  the  resiilts  of  the  two  pre- 
ceding paragraphs,  the  formulas  for  the  values  of  e^^   and  bj^, 
n  =  1,  2,  .  ,  ,  ,  obtained  from  equations  (72),  (95)  through 
(100),  and  (102),  are  given  below. 


=  ^  ^^  j,-^  ^    ,  n  =  1,  3,  ^.  .  .  .  .  (103) 

n 

^n  =  -  ^  ^  ^  ^^'^''>  n  =  1.  3,  ^.  .  .  .  ,         (10^) 

o^o2  r,  +  1  -  (r^  -  l)d^ 
a2  =  la^,   equation  (103)3^^^2  "  ^^  "^ q-^ .(105) 

and  u 

d;t«2  rT  +  1  -  (r,  -  l)c^ 
bg  =  [bjj,  equation  (10^)3^=2  '^   ^4"   ^^ ,(106) 

where 

^n  =  ^^1  -  ""Z^^^   -  (o^d2)^]  -  (ri  -  r2)[(-c2)a  -  (-d^)^], 

n  =  1,  2 (97) 
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With  the  constants  el^  and  "tx^   evaluated,  attention  la 

returned  to  equations  (79)  for  ||  and  |^.  The  differentia- 
tion of  those  equations  required  by  equations  (6)  In  order 
to  obtain  the  stresses  Is  facilitated  by  considering  first 
the  derivatives  of  ^^   with  respect  to  Zj^,  i  =  1»  2,  Differ- 
entiating eqiietlons  (32)  with  respect  to  their  respective 
Independent  variables,  making  use  of  equations  (33) »  we 
obtain 


dz 


i  =  __ — J. _  h  +  3-       -1 


I.e., 


-  |l  ,  1  =  1,  2; 
"l 


^^1   Ti      d^P   ^P 

di^  =  ^  ^^  dit=w|  ^^07) 


8zt 
Then,  since  ^-^  =  1, 
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tad,   filnoe  -^-l-  =  ii^. 


(log) 


similarly,  It  Is  found  that 


I^CT?  *  (-d^)"  ^f  ]  =  ^^1  -  (-d^)"  Tf] 


and 


(109) 


IjCT^  ^  (.d2)^Tr3  =  ^^?  -  (-^')"Ti^]  . 


Now,  by  the  first  of  equations  (6), 

whence,  by  equations  (79),  (lOS),  and  (109), 

-  pgx  .  (UO) 

Similarly,  by  means  of  the  second  and  third  of  equations  (6) 
and  by  equations  (79),  (lOS),  and  (I09),  we  obtain 


-3«. 
2vn  --n 


-  pgx  (111) 


and 


=  .  R[i  ,^,n[^^  ^  \'~  ^  +  ^^  '  Wg  ^l!  • 

(112) 
Substitution  of  the  values  of  a^   and  "b^  given  by  equa- 
tions (103)  through  (106)  Into  equations  (110)  through  (112) 
leads  to  the  following  fornrulas  for  the  stresses: 

^f-oo^r,  (l+(-d))  n      ovi   V. 
rSd  +  (-0^)^) 


^y-5- (?^.(.d2)^?;^)] 


r^Crg  -M  -  (rg  -  D'^'l.^g    k   2^ 
— (T^  -  c  ^3_  ) 


'l°2 


^  J^jt^^  ->■  1  -  (ri  -  1)0^3, ,2   ^^2  0 

■^       2Wgbg   "^ ^^2  -  '^  ^2  ^i  -  ?^* 

(113) 
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2xn 


and 

.2xn 


3cy 


=  -  pga^HJl   ZJ--^      ^^p^ (^1  -  (-0  )     "^i   ) 


'2W 


(115) 

where 

D^  =  (ri  -  r2)[l  -  (o2d2)^]  -  Cr^  +  rgJCC-o^)^  -  i-^^^, 

n  =  1,   2,    .    .    .    .  (97) 

The  similarity  of  these  three  formulas  allows  the  writing  of 
the  oonrposite  equation 


^.  =  p«-M^.I,H^'^?-(-^'"?J 


-  u,.  s 


k  ^.,        ^2^       1^2-^—'  ^2 


-  T. 


-  Vjj  •  ps^  »  ^  =  1.  2,  3, 
where  Sjj.,  Tj^,  Uj^.,  V^   are  given  by  the  table  below, 


(116) 


k 

^k 

\ 

\ 

\ 

1 

^x 

-4 

-r2 
^2 

1 

2 

^y 

1 

1 

1 

3 

'^xy 

1^1 

lr2 

0 

This  form  is  more  convenient  for  computation  them  are  the 
forms  of  equations  (II3)  through  (115) • 

2.5.    PisBtoQepaentfl. 

The  displacements  u  and  v  in  the  disk  are  obtained  from 
the  first  two  of  equations  (2), 


and 


ax   ^x  -  E^  ^x  -  E^  S 


dy  ^y    \   ^x  Ey  "^y  » 


by  integrating  the  first  with  respect  to  x  and  the  second 
with  respect  to  y.  In  view  of  relation  (9)  among  the  con- 
stcoits,  these  equations  may  be  written 

and  (117) 

1^  =  ^y  =  e;<  -  VyxC^  +  Oj) 

Substitution  of  the  righthand  members  of  equations  (llO)  and 
(111)  for  (Jyr   and  CTy,  respectively,  leads  to 

and 


If  =  «ll,'^ 


r,r?i/„  +  1.  a^  II 


[(^^^^)  5^(^;  -  (-0^)°  ^T) 


The  required  integration  is  facilitated  by  observing  the 
implications  of  equations  (lOS)  and  (I09)  that 
?N^  r-n 


-n   ^  ^2n^  ^-n 
J  ^  "  "^ ^J-  dx  =»  ^[T^  +  (-c^)^  ^-^)]  +  constant, 

^'^IzllplSjl  ay  =  -  -M?;  +  (-c^)^  ^-^]  +  constant, 


'1  ^1^ 
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and  that  similar  eqiiations  hold  for  subscripts  2,  with  o 
replaced  by  d.  With  the  use  of  these  relations,  equations 
(lis)  and  (119)  are  readily  integrated  to  yield 

r?  +  V, 


-^-i— 2^^+  f(y)  (121) 


and 


y 

+  ^^e" —  PS3cy  +  g(x)  ,  (122) 

y 

where  f(y)  and  g(x)  are  as  yet  undetermined  functions  of 
their  arguments. 

It  will  be  shown  that  comparison  of  the  expression  for 
1^  which  may  be  obtained  from  the  last  one  of  eqiiations  (2) 
and  equations  (121)  and  (122)  with  that  given  by  equation 
(112)  leads  to  the  determination  of  f(y)  and  g(x).  Differ- 
entiation of  equations  (121)  and  (122)  with  respect  to  y  and 
X,  respectively,  with  the  aid  of  equations  (lOS)  and  (I09), 
leads  to 


-%y- 


t = -  Hi^  f.A^-^  ^(^;  -  (-<=')"  q") 


r|  +  V^,   rob. 


-  ^^E7«  ^(^1  -  (-^')°  ^f )]}  -^         (123) 


and 

2 


li=-Hf^l,4^^i^^(T^(-c2)^-) 


With  the  use  of  these  expressions  for  the  derivatives,  the 
last  one  of  equations  (2)  yields 

2         2 

1  y 
*      ^2  y 


2  y 
V,,^  -  1 

No\f,  from  equation  (l^) , 


t  =  vfr^^  •  '"^' 


where,  by  equations  (17),  (20),  and  (33), 

J.2    2 
2K  =  a2  +  /32  =  a^  +  Ir.  =  -1  +  i_ 

a2   ^2   ^   » 

or,  alternatively,  (127) 


2K  =  a2  + /32  =  1- +  p2  3,  i^  ^  _|     ^ 


IE 
With  c^  ~\e*  ^y  equation  (12),  these  last  two  equations 
^  7 

become 

2K 


=  '!^6^^Vg 


ri  '-y 
and  (12g) 

?\PT    1  \/5 

2K  =  rlygi+'^Mg*  . 
'^  V^'x   rl  ^  y 

Insertion  of  these  expressions,  in  turn,  for  2K  in  equation 
(126)  gives 

xy    X   r-^Ey    X 
and  (129) 

xy   X   pgEy    X 

2v^ 
If  now,  on  the  authority  of  equation  (9),  ^*^  be  written 

X 

"^  +  -s*  ,  then  these  equations  become 
X    ^y 


r?  +  i^_   rfv*   +  1 


5^  =  ^^T-=*^ 


and  (130) 

These  equations  allow  the  rewriting  of  equation  (125 )  as 

+  «x7[^Hr^  psy  ^  ^  *  ^] .  (131) 


^xy 


Comparison  of  this  equation  with  equation  (112)  Indicates 
that 


I.e.,  since  0^  ji   0, 

H=^psy-^--^  .       (133) 


Since  the  lefthand  member  here  Is  a  function  of  y  only, 
while  the  righthand  member  is  a  function  of  x  only,  the  fact 
that  the  equation  must  hold  for  all  points  (x,y)  wltliin  the 
disk  leads  to  the  conclusion  that  both  members  must  be  equal 
to  some  constant,  call  it  k;  then 


V^^  -  1 


^  =  -  -^^t-  pgy  +  k  ,  (13^) 


whence 


f (y)  =  -  ^V   ^^  +  ky  +  m  ,  (135) 

where  m  Is  an  arbitrary  constant,  and 

^f^  =  -  k  ,  (136) 

whence 

g(x)  =:  -  kx  +  n  ,  (137) 

where  n  is  an  arbitrary  constant.  Now,  the  constants  m  and 
n  represent  constant  contributions  to  u  and  v,  as  is  seen 
from  equations  (121)  and  (122),  and  hence  correspond  to  a 
rigid  displacement  of  the  whole  disk;  it  folJLows  that,  if 
the  support  is  to  be  stationary,  then  m  =  n  =  0,  Also,  the 
fact  that  the  displacement  u  (in  the  x-direction)  is,  physi- 
cally, symmetric  with  respect  to  the  x-axis  requires  mathe- 
matically, considering  equation  (121),  that  f(y)  be  an  even 
function;  it  follows,  considering  equation  (135) »  that  k  =  0. 
With  k  =  m  =  n  =  0, 

y  '^ 

and  (132) 

g(x)  =  0  , 
whence  equations  (121)  and  (122)  become 


2 

r^   +   iJ_ 


and 


-  ^^^  ^  +  ^H^  y^)  (139) 

*  y 


r?i<_  +  1 


-  =  -2(ll[-L^f— V^^(-c^)"C) 


r^y     +  1 

+ -^^^^ psxy    .  (140) 

Inserting  the  expressions  given  by  equations   (103 )   through 
(106)   for  a^  and  h^^,  we  obtain 

r|j;^_^  (1  -*-   (■d^)^)(?;  +  (-c^)'^t;'^) 


u  =  -  peB.^R{ZL^ 


nJ^. 


n 


^x  nD^ 


^1  ^   ^xv   ^^2  ^  1  -   (^2   -  1)^^]^^^  ^   oV3 
^x  ^*Si 

.  llj^  ^^1  ^  1  -  (^1  -  i)c^3^^P  ^  A;^3 

^x  ^^5^ ^ 

-   f(i^  X2    +  i%li   y2j  (,^,j 


and 

V  =  -  pga^Rd   Sf^-^^^ ^ ^ 


V       -  1 

y 


j<^  Qr1??^9tprftPlo  stress  P^BQUon. 

It  is  of  Interest  to  obtain  from  the  stress  function  for 
this  problem  the  stress  function  for  the  corresponding  prob- 
lem for  isotropic  materials.  The  elastic  properties  of 
isotropic  materials  are  independent  of  direction;  thus, 
E^  =  Ey  =  E,  O^y  =  G  and  V^   =  i^y^  =  V,     By  equation  (12) , 

then,  €=  1.  Further,  for  such  materials,  the  elastic  con- 
stants are  related  by  the  eqixation' 

2(Aiy)  =°  •  <l^3) 


9 

£M^.,  p.  9. 


It  follows  from  tliis,   by  equation  (l4-),    that 

K  =  §5  -l^  =  1      ,  (144) 

whereupon,  by  equation  (1?),  (V  =  0,     With  €  =  1  and  (p  =  0, 
equations  (11),  (20),  (24),  (33),  (34),  (35),  (4l),  (42),  and 
(97)  show  that 

Zl  =  Z2  "^  ^  ■*"  ^y  "^  ^' 
^1  =  1*2  =  1, 

c  =  d  =  0,  (11^5) 

Wi  =  W2  =  z. 

^1  =  ^2  =  i' 

and 

Dj^  =  0,  n  =  1,  2 

where,  In  the  fourth  and  fifth  equations  the  positive  sign 
is  taken  with  W^^  and  ^2   ^  order  that  Ti  and  T2  ^e  functions 
of  z,  instead  of  vanishing  identically. 

Insertion  of  the  expressions  for  a^  and  b^  given  by 
equations  (103)  throu^  (106)  into  the  first  of  equations 
(79)  leads  to 

„  (oo  [l+(-d2)n][<:J+(.c2)"C'']  -  [l+(-c2)"][e4-(-d2)^-n] 


[r2-H-(r2-l)d^][?f-K..c^)^C;^]  -  [ri+l-(ri-l)c^][':|+(-d^)^<:2^]  . 
-  1^ ^j. 


(146) 
For  the  values  of  the  constants  given  by  equations  (l45),  it 
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may  be  seen  that  the  major  terms  (fractions)  in  equation 
(lU-6)  are  indeterminate,  To  obtain  |£  (and  hence,  by  inte- 
gration, P)  for  the  isotropic  case  from  equation  (1^6), 
therefore,  we  shall  set  €  =  1  in  that  eqxxation  and  find, 
using  l*Hospltal's  rule,  the  limit  of  the  resulting  equa- 
tion as  cp  approaches  zero.  With  €  =  1, 


^  =  e^   and   rg  =  e  ^ ,  (l^^-?) 


by  equations  (20)  and  (33),  The  roles  of  q?  in  the  quantities 
c,  d,  zi,  zg,  W^,  Wg,  Ti,  ^2»  ^^^  ^  (with  €  =  l)  are  estab- 
lished by  the  equations  defining  these  quantities,  together 
with  relations  (1^7)  above.  Equations  (1^5)  indicate  the 
limits  of  these  quantities  as  cp  approaches  zero. 

It  vdll  pivDVe  convenient  to  take  the  preliminary  step 
of  finding  the  limits  as  q?  approaches  zero  of  4~^»  ^—2. 

i3l=fi-I,  and  ^^^^.  With  r^  =  e%  with  z^^  =  x  +  le^y,  and 

with  W^  and  T^^  given  by  the  first  of  eqixaticns  (3^)  and  (35) » 
differentiation  yields 

3cf)    dzi  dap        dr^  dq? 

(14^) 
whence,  by  equations   (1^5) »   construed  as  limit  eqiaations  as 


-51- 
cp  approaches  zero, 


i.e., 


<f-0  acp    2a   ^  2z   2a    2^  * 


11m  ^^1  «  a^  -  z^  +  2172  ,  ,  V 


Similarly,  It  may  be  found  that 

With  r^  =  e*,  -c^  is  given  by 

I 
-o2  »  1  "  e^  ,  (151) 

1  +  e* 

whence 

fl(-g^l  =  (1  +  e*)(-ie^)  -  (1  -  e^l(ie^)  ^  _     a'    (,„) 
*'  (1  *  e*)^  (1  *  eS)2' 


and 

9-^0        dcp 
With  r2  =  e  ^  ,   -d^  is  given  by 


lim    %£l  =  -  i     .  (153) 

p-^0        dcp  *f 


-d2  =  I"  e^  =  -  ^-  ^!    =  o2    ,  (15^^) 

1  +  e  ^  1  +  e^ 


whence 

llm    flJL=^  =  1  (155) 

Now, 
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I^Ci  +  (-0  )  Ci  ]  =  Cn^i   -  (-0  )  n^3L   ^  a? 

Henoe,  by  means  of  equations  (l4-5),  construed  as  limit  equa- 
tions as  qp  approaches  zero,  and  equations  (1^9)  and  (153)  i 
llm  ^c^  +  ^_/,2.n  -n 

=  n[(§)^-^  -  oja^  ■  j^^  ^^^  ^  §(-  ^r  . 
I.e., 

.  BlaV-g  -  ^^  eiTa°-^)  ,  g--  ,    (157, 

where  the  star  (*)  beside  a  term  is  used  to  indicate  that 
that  term  is  present  for  n  =  1  only,  vanishing  for  all  other 
values  of  n.  Similarly,  it  can  be  shown  that 

Let  the  numerator  of  the  nth  term  of  the  summation  in 
equation  (1^6)  be  denoted  by  Njj^,  i.e.,  let 

N^  =  Cl  +  (-d2)^][^^  +  {''<?)^r^^ 

-  Cl  +  (-c2)^]Ce  +  (-d2)^0  .      (159) 
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Then 

dN. 


+  EC?  +  (-c2)^C-^]Cn(-d2)^-l  ^^^] 

.  [??  +  (-d2pC2^][n( -0^)^-1  ^^]   ,        (160) 
and,  by  equations  (1^5),  (153),  (155),  (157),  and  (15^), 

+  a(a^z""^  -  z^  -^  Slyg""^)      a  *       ^  c    in* 

i4a^  "  4z     ~     a   V     If;     , 

i.e., 

^^\  ?ik  -  n(aV"^  -  z^  -^  21  yz"'^)     a^V  a^*  .,., . 

*^0   acp    -  2a^  "  2z  ^  2^     •  ^1^1' 

From  equation  (97),   w©  obtain,   by  differentiation  with 
respect  to  9 , 


'^'^^-  'a]  feci  -  (c^dS)"]  +  [1  -  (o2d2)''][le*  +  le-^  ] 


-  [(-o2)«  -   (-d2)^][ ^^^    ^   ]      ,  (162) 

wherein  equations  (1^7),  ^i  °   ®  ^^^  ^2  ~  ®  »  ^^®  been  used 
to  obtain  ^(i^  -  1*2)  ^^^   the  second  term.  Hence,  by  the  seccoad 


-5^ 
and  third  of  equations  (1^5)  and  by  equations  (153)  scn^   (155), 

11m  d(D  )  ^ 


l*e., 


11m  d(Dn)  ^  (2,  f or  n  =  1 
^-^0  d^  =  ^^  ^Qj,  n  =  2,  3, 


(163) 


By  1* Hospital's  rule,  now,  the  limit,  as  cp  approaches 
zero,  of  the  nth  term  of  the  summation  In  equation  (1^6)  Is, 
provided  all  the  limits  eadct, 


11m 

9 


M  M  3N-  11m    |Na 

0  nDQ      n  qp->0  ^      n<p-*0     d(\)'"       n  11m     dd^faj 


dQ) 


9-^0     d(^ 


(164) 


hence,  by  equations   (l6l)   and  (I63), 


11m 


Cp-*0  nD^ 


"'"gL'^'"^-fe^fc>forn  =  l 


a2gn-2  .  gn  .^^  g^^ygn-l 
2a^ 


,   for  n  =  2,   3, 


(165) 


Consider  now  the  last  term  In  equation  (1^6),  which  may 

No 
be  denoted  by  -  ]jg-,  vriiere 

No  =  [r2  +  1  -  (r2  -  l)d^][<r^  +  {^o^)\^2 


-  [ri  +  1  -  (r^  -  Do^DCrf  +  (-d^)^^;^]. 


(166) 
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Then 


-  [ri  +  1  -  (r^  -  Do'^]  ^  [T|  +  (-d2)2?-2] 


dqp 

-  c^  •  |e^]  .       (167) 

wherein  equations  (1^7),  1*1  =  6=  and  r2  =  e'^  ,   have  been 
used  as  needed  for  differentiation.  It  follows,  by  equa- 
tions (li^5),  (153),  (155),  (157)  and  (15«),  that 

2a'^  a    2 

.2  _  „2 


.  2(a^  «  g^  +  2lYis)  .  (i)2 
I.e., 


a2 


Henoe,  by  1 'Hospital's  rule 
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llm  -  fa-  =  .  1  llm  5i  =  .  1  Urn    ^   ^  ,  .  ^""0  ^^^ 


equation  (163)  being  used,  with  equation  (l65)  in  the  last 
step . 

Now,  from  equations  (1^6),  (159).  (1^5),  (I66),  and 
(169),  it  can  be  stated  that 

lim  aP  ^    2  H{Z  [lim  Nq^i  .  lim  Nq^i 


,2 


-fe*fe*^--^-|)  .  (170) 


^a-    a' 

This  may  be  written 


1^  |£  =  PSa2  •  H{Z  J^a^z^-S  .  ^n  +  2172°-!] 


2a?i 

r2     ^ 

a-  "  "I2  ■  2a  ~  2- 


^^5-^^U-|j   •  ^171) 


Integration  with  respect  to  x  yields 
llm  P  -  pga2  El? -L4a2  ZS^  .  iS^  +  2iy  ^] 


*f?-gi^*lf-f>  .  (172) 
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where  the  constant  of  Integration,  whloh  does  not  affect  the 
stresses,  has  been  taken  to  "be  zero.  This  result  may  be 
simplified  as  follows; 

11m  F  =  psa2  RiZ  -1-C^  -  ^  +  21y  i5^]  +  ^  +  £  +  aZ 
cp-^O  I  >i^2  2a»  n+1    n+1     ''  n  **   2   4a   Ifo 


ka^ 


2a2    2a  '  P 


-X  2 


i.e., 


llm  P  =  gfa  H{Z  iZL.:^-als^  +  z^  +  §^  -  Zi}   .       (173) 


This  function,  llm  P,  Is,  In  fact,  the  stress  function  for 

an  Isotropic  disk  under  the  same  loading  as  that  considered 
for  the  orthotroplc  disk. 


CHAPTEB  III 

STRESS  DISTRIBUTION  IN  AN  ORTHOTROPIC  DISK 
SUBJECTED  TO  ITS  OWN  WEIGHT  WHEN 
SUPPORTED  AT  ITS  CENTER 

Consider  an  orthotroplo  disk  of  radius  a,  referred  to 
a  rectangular  coordinate  system  as  described  In  section  2,1, 
The  stress  distribution  In  the  disk  subjected  to  Its  own 
weight  and  supported  at  its  center  will  be  found  by  (1) 
finding  the  stresses  due  only  to  the  supporting  foi^e, 
P  =  pgrrn^,  with  no  gravity  (weight)  force,  and  (2)  superim- 
posing on  this  stress  distribution  the  stresses  due  to  the 
weight  of  the  disk,  with  the  requirement  that  the  resultant 
stresses  be  zero  on  the  boundary  of  the  disk.  Section  3»2 
will  be  concerned  with  the  first  case,  section  3 -3  with  the 
second.  Each  of  these  cases,  like  the  problem  of  Chapter  I, 
consists  essentially  of  finding  a  solution  to  equation  (I3) 
in  the  form  of  equation  (23)  which  satisfies  eqviatlons  (26) 
on  the  boundary  of  the  disk.  In  the  first  case,  of  course, 
the  equations  referred  to  above  mtist  be  modified  by  setting 
g  =  0. 

3,2,  Stresaea  iq  t^^e  Disk;  D^e  QryLv  to  the  SuPT?orting  Force 
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Let  the  stress  function,  the  stresses,  and  the  displace- 
ments corresponding  to  the  single  force  P  at  the  center  be 
dlstlngiAlshed  by  primes  (').  With  g  =  0,  then,  equations  (6) 
become 


I 


a2p'   •   aSp-   ^,    a2pt 


and  equations  (26)  become 

and  (175) 

yV  =  -  i-(^£l) 
^    ds^ax  '     • 

A  suitable  stress  function  for  this  case  Is  given  by 

P*  :=  R{Azi   log  zi  +  Bz2  log  zg}   ,  (176) 

where  z^  and  Z2  are  defined  by  equations  (2^)  and  A  and  B  are 
complex  coefficients.  The  constants  A  and  B  are  determined 
by  the  following  conditions: 

(1)  the  stress  cr^  Is  s3rmmetrlo  with  respect  to  the 
x-axls, 

(2)  the  Integral  /  Xjds,  taken  around  the  boundary 

C  of  the  disk,  representing  the  resultant  of 
the  x-oomponents  of  the  boundary  stresses,  Is 
equal  to  the  magnitude  P  of  the  applied  load, 
and 

(3)  the  displacements  u  and  v',  obtained  by  Integra- 
tion from  equations  (2),  are  single-valued. 
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These  conditions  will  be  applied  in  succession  in  the  para- 
graphs which  follow. 

Differentiation  of  f'  gives 

ll^  =  E{A(1  +  log  z^)  +  B(l  +  log  zg)} 

and  '      (177) 

|£-  =  R{iriA(i  +  log  zi)  +  irgBd  +  log  Z2)}  , 

and,  again, 

£11!.  =  H{^  +  ^} 
d^  ^zi   Z2^   , 

ay2       ^1    ^2'  •  (I7g) 

and 

dW  ~  ^  Zl     22  ^  • 

Let 

A  =  A*  +  ia'  and  B  =  B»  +  l/9»  ,        (I79) 

where  A",  B',  a',  and  |3'  are  real  constants.  Then,  by  the 

first  of  equations  (17^)  and  the  second  of  equations  (17^), 

with  •-  and  •—  replaced  by  their  respective  equals  -~ —  p  p 
12  x^  +  rjy^ 

X  -  ir2y 
and ''-^ 


2  +  r§y2  ' 


xjCA'  ^ia')(x-lriy)       ri<B'   ^  i/3' )(x  -  irgy) 
^x  =  -  ^^^  x2  +  rfy2  *  x2  +  r|y2  ^    ' 


i.e., 
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^i  =  -  ^£  ^  .  J^  -  '2  ^  .  J„2   .         (1210) 


•      2  ^  -^  ^  *  1^  J    2  "  -^       *-Z' 


Condition  (1),  that  CT^  be  symmetric  with  respect  to  the 
x-axls,  Is  seen  novi   to  require  that  (since  we  have  assumed 
^1  f^   rg) 

a*  =  p'  =  0  .  (ISI) 

Consider  next  condition  (2),  /,Xy  ds  =  P,  where  C  is  the 
boundary  of  the  disk.  By  the  first  of  equations  (175),  this 
condition  allows  us  to  write 

^0  h^^>^   =  -ei^'lf-)*.!  +  /C3%<|f  )a.2  =  P  .     (122) 


whence,  by  the  second  of  equations  (177), 
,  dZn  dzo 


(1^3) 


where  C^  and  Cg  are  the  ellipses  In  the  Z]^-  and  Z2-planes, 

respectively,  corresponding  to  C  in  the  z-plane  (the  plane 

of  the  disk).  The  residues  of  the  Integrands  1-  and  i-  at 

zi     Z2 

Zj^  =  0  and  Zg  =  0,  respectively,  are  both  equal  to  1,  so 
that  application  of  Cauchy's  residue  theorem  to  the  Integrals 
of  eqimtion  (1^3)  yields 

Riir^A  •  2TTi  +  irgB  •  2Tn}  =  P  ,         ilgk) 

or  since  A  =  A*  (real)  and  B  =  B'  (real)  by  eqtiations  (179) 

and  (1^1), 

p 

r^A  +  r2B  =  -  1;^  =  -  ^  .  (125) 
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The  last  equality  here  results  from  the  observation  that 
P  =  pgrra^. 

By  the  first  two  of  equations  (2)  and  the  first  two  of 
equations  (17^)» 


^x      ^x  ay^      ^y  ax^ 


y 

and  (126) 

^y         ^  a  y2     Ey  a  x^  ' 

Substitution  of  the  expressions  given  by  the  first  two  of 

a^F*     d2p' 
equations  (17^)  for  — — 5-  and  ~ — 5-  in  equations  (1^6)  leads  to 

o  x^     a  y'=^ 


1^  =  B(-A(#  .  ^)1-  -  B(|i  .  ^)1-, 


dx     ^"  Ex   Ey  zi     E^       Ey  Z2' 

and  (1^7) 

2  2 

aj-  -  RiA(  E^   +  EyJ^  ^  ^^  Ex     ^^^22^   • 

Integration  of  the  first  of  these  equations  with  respect  to 
X  and  the  second  with  respect  to  y  yields 

u*  =  R{-A(~  +  |^)(log   Izil   +  le') 
X        y 

-  B(^  +  r^)(iog  IZ2I  +  i(p')} 

^x      ^y 
and  (Igg) 

j,2 
I   _ 


V 


a{A(^^  +  i;)i^(iog  Izil  +  ie') 


riv'. 


+  B(-|^  +  fc)ifc^i°e  U2I  +  i^')K 


:.y'ir2 
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where  ©'  and  cp'  are  the  ( mill tlple- valued)  arguments  of  z^ 
and  22,  respectively ,  Since  A  and  B  are  real,  by  equations 
(179)  and  (ISI),  equations  (123)  may  be  written 

u.  =  -  A(gi  +  ^)  log  Izil  -  B(^  +  ^)  log  |Z2I 
^x   ^y        "^     ^r   ^y 

and  (129) 

V  =  A(^  +  ^)9'  +  B(^  +  ^)cp'   . 

The  displacement  u'  as  given  here  Is  clearly  single-valued. 
Since,  6'  =  Arc  tan  £1^  +  2nTT  and  cp'  =  Arc  tan  ^SZ  +  ann. 

for  n=0,  tl,  t2,  .,.,  the  single-valuedness  of  v' 
requires  that 

Equations  (1^5)  and  (I90),  solved  simultaneously,  yield 
expressions  for  A  and  B  which  may  be  put  into  the  form 

2E^(rf  -  rf) 
and  (191) 


B  = 


2   ^2. 


2E^(r|  -  r|) 


Replacement  of  i^xy^y  ^y  "^yx^x*  permissible  by  equation  (9), 
leads  to  the  simpler  forms 

^  _  _  pga^r^d  -.  r|i;,.^) 


2(1^-  i^) 

and  p  ^^92) 

_  ^gafrgOjI^rJt^ 

^  "    2(r|  -  rg) 


With  A  and  B  determined,  the  stresses  due  to  the  load 
P  may  be  foimd  from  equations  (17^)  and  (172)»  Thus,  since 

X  -  lr,y 

A  and  B  are  real  and  since  '^~  =  — := S-^r  and 

zi   x2  +  rjy2 

i_  _  ^  "  ^^2^ 
^2   x^  +  r|y^ 

r?Ax       rfsx 

(7!  = J— —  -  ^ 


^    x2  +  r|y2  "  x2  +  r|y2 


and 


^y-^f;p*:^f:p    .  '153) 


r^Ay        r|By 
'^^y  =  -  ^  +  r2y2  "  x^  +  r2y2 


where  A  and  B  are  the  constants  given  by  equations  (192), 
The  boundary  stress  components  X|,  and  Y^  may  be  obtained 
from  equations  (175)  and  (177).  There  Is  no  need  for  ex- 
plicit expressions  for  these  quantities  at  this  point, 
however,  and  their  derivation  will  not  be  carried  out  here, 

3.3.  Superposition  of  the  Stresses  Due  to  the  Weight  of 
the  Disk. 
Inasmuch  as  this  phase  of  the  problem  differs  essentially 
from  the  problem  of  Chapter  II  only  in  the  boundary  condi- 
tions, the  same  stress  fimctlon  as  that  of  Chapter  II,  except 
for  the  values  of  the  constants,  will  be  assiimed  here;  l.e,, 
the  stresses  due  to  the  weight  of  the  disk  may  be  obtained 
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from  equations  (6)  and  equations  (^3)  once  the  constants  a^ 
and  bj^  have  been  evaluated.  In  fact,  with  a^  and  b^  evalu- 
ated, these  stresses  may  be  obtained  dlreotly  by  Insertion 
of  the  new  values  for  an  and  bn  in  equations  (llO)  throiigh 
(112),  The  determining  condition  for  the  constants  here  is 
that  the  resultant  of  this  stress  distribution  and  that  due 
to  the  force  P  at  the  center  of  the  disk  must  be  such  that 
Xj^  =  Yt;  =  0  on  the  boundary,  where,  from  equations  (26)  and 

(175). 

and  (I9II.) 

^^  '  -  dTal ""  aF^  ""  PS^  df  • 
With  Xy  =  Y^  =  0,  these  equations  may  be  written 

^(^)  =  .  Ml^)  +  pgx  P- 
ds  3y      ds^y     ^^  cLs 

and  (195) 

or,  with  the  aid  of  equations  (^k)   and  (56), 

h^^^   =  -  ^^F-i  +  ^<1  +  00s  2e)  ^ 
ds  oy      ds  3y      2  ds 

and  (196) 

fl^(|£)  =  .  f.(|£L)  .  ^  Sin  29  fa  . 
ds'dx      ds  dx  2  ds 

Integration  gives  now 
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and  (197) 

where  the  constants  of  Integration,  which  do  not  affect  the 
stresses,  have  been  taken  to  be  zero. 

It  will  prove  convenient  to  consider,  from  equations 
(197),  the  equation 

f-if^t-I^^T^-sae] 

+  i[-  If^  +  ^fa£(2e  +  sin  2©)]  .  (19^) 

If  in  equations  (177)  "the  constant  terms  be  neglected,  inas- 
much as  they  do  not  euTfect  the  stresses  obtained  from  F* , 
then  those  equations  become 

dF* 

3^-  =  R{A  log  zi  +  B  log  Zg} 

and  (199) 

^  »  Riir^^A  log  Zj^   +  ir2B  log  Z2}   • 

Since  A  and  B  are  real  coefficients,  by  equations  (192),  and 

since,  on  the  boundary 

r^    sin  © 

log  z^  =  log  a  V^os2©  +  rj  sin^G  +  i  arc  tan  (  ^gg  q  ) 

and  (200) 

log  Zg  »  log  a  Vcos2©  +  r§  sin^©  +  1  arc  tan  ^  qqs  9  ^  » 

equations  (199 )  may  be  written,  for  the  boundary  of  the  disk. 
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1^  =  A  log  (a  Voob2  e  +  rf  sln^  9   ) 


+  B  log  (aVoos2  ©  +  r|  sln^  e  ) 

and  (201) 

apt  ,ri  Bin  ©  Tp  Bin  6 

97"  =  -  ri  arc  tan  (  ''cos  ©  >  -  ^2  ^rc  tan  (  \^^  g   ). 

Substitution  of  these  expressions  for  ^^  and  —^  in  equa- 
tions  (192)  gives 

a7  +  1  aj  =  f(©)  +  ig(©)  ,  (202) 

where 


f(©)  +  ig(©)  =  [-A  log  (aVcos2  9  +  r^  sln^  e  ) 


-B  log  (aVoos2  ©  +  r|  sln^  ©  ) 

Dca2  ri  sin  © 

+  -P^^-  cos  2©]  +  iCr]L^  arc  tan  (   cos  ©  ) 

rp  sin  9    «  2 
+  rgB  arc  tan  ('  ^opg  ^  )  +  ^^5^-(2©  +  sin  2&f] , 


(203) 


or,  since  cos  2©  +  1  sin  2©  =  e^^®, 

f  (©)   +  ig(©)   =  -  A  log  (a  '\/cos2  9+1^  sin2  9   ) 


-  B  log  (a  Vcos2  9  +  rg  sin2  9  ) 

rs    sin  9 
+  ir^A  arc  tan  (   *cos  9   ) 

rp  sin  9 
+  IrgB  arc  tan  (    "^^^s  9   ^ 

2  ^219  +  ^  ^  Q      ^  (201;) 
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The  function  f(»)  +  ig(©)  can  be  represented  by  a  complex 
Fourier  series;  then  equation  (202)  becomes 

H.lf  VK^*  .  (205) 

Where 

On  =  ^  /"^  [f(©)  +  ig(e)]e-^»  de  . 

n  =  0,  ±  1,  1  2,  .  .  .  .  (206) 
For  n=0,ll,t2,  ,  .  .  ,  let 


11  =  CT^  tlog  (a  Voos2  ©  +  r|  sin^  9  )  ]e-^^  09  , 

12  =  /Ttt'^Ios  (a  Voos2  6  +  r|  sin^  e  )]e-^^  d©  , 

_         ri  sin  © 

13  =  /;  [arc  tan  (  ^^a  8  'J^'"^^  ^  • 


rp  sin  © 


II^  =  /^  [arc  tan  (  %os  9  )3e"^^  *»  » 
I5  =  /-  e-^"-2)l©  ^^  ^ 


(207) 


-TT 

and 


Ig  =  /^  ©e-^^  d©  . 

Then,  from  equations  (20^)  and  (206), 

c^  =  \:^K-  A  •  Ii  -  B  •  I2  +  ir^A  •  I^  +  irgB  •  I^^ 

+  ^  .  I5  +  i  ^  .  15}  , 

n  =  0,   t  1,  1  2,    .    .    .    .  (20g) 

The  integi^als  I^^  through  I5  vrlll  be  evaluated  successively  in 
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the  following  paragraphs . 

In  the  evaluation  of  Iq^  It  will  be  necessary  to  have 

the  value  of  ^^  a-b^cos'cp  ^'^»   ^^®^®  k  =  0,  1,  2,  .  ,  .  , 

2    2 
and  a  and  b  are  real  constants  such  that  a  >  0  and  a  >  b  , 

To  this  end,  consider 

V*  Z   -  ^  2  +  1 

where  C  is  the  circle  lz|  =1,  The  Integrand  -~m ■■g 

z^  -  ^  z  +  1 


\f~2         5"  \l   2    5 

has  simple  poles  at  z-,  =  ^ ^  "  ^-     and  z^  =  ^"^ — ^  ^  ^  , 

of  which  points  only  Z2  Is  Inside  the  contour  C,  The  residue 

of  ,j       ,.S^     at  z  =  zp  Is 
z^  -  g^  z  +  1        *^ 

«-[(z  .  zj(z  .  z^)]^,^  =  ,^i^^'^  -  -2)(z  -  zif(z  -  .,) 

k 

Zo 

=  — ^   .  (210) 

Z2  -  zi 

which  may  be  written 

Res  („  / )     , ,  .  -  -^^^(a^SEf  .  ( ^n) 

^  "    b 
Hence,  by  Cauohy's  residue  theorem, 
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c  ;r7|a7TI  ^^  =  -  "^^  7?#^l       ^         J .     (212) 


b  ^ -^  1  aVa^:^ 


/,  .^,_^H dz  =  -  2Tn ^ (ft  ■  %^  -  ^^ 

Now,   on  the  circle  C,  z  =  e  "^  and 

-5 la dz  =  1  -t: ^-; 5-  dcp 

h  slfl  iSy  ~  .1   gQB  Is?  a<v,  (213) 

2         a  -  b  coscp  ^"V    t  K^^:>l 

whence  It  follows  that 

/  — ^ dz  =  ii  Z^""  ^^^   ^y   dcp 

C  ^2  _  2a  2  +  1      2  "b   a  -  b  coscp   ^ 

^  2  •'0   a  -  b  ooscf)  ^^  • 

(2liV) 
The  equality  of  the  righthand  members,  and  hence  of  the 
Imaginary  parts  of  the  righthand  members,  of  equations  (212) 
and  (2l4-)  leads  to  the  concliislon 

jj 

y^*"       COS  k(BdQ>  _         2tt         a  -  '\/a2  ,  b2 

0   a  -  b  oos(p   ^^2  -  b2      ^        •         ^215) 

Consider  now 


\  =  f     [log  (a  Voos2  e  +  r|  sln^  e  )]e-^^  d9  , 

(page  68)  and  assume  that  n  7^  0,  The  radlcand  In  1-^   may  be 
rewritten  as  follows; 


i.e.. 


-71- 
cos^  e  +  r|  Bln^  ©  =  1  +  (r^  -  Dsin^  9 

=  1  +  £LlJ:(i  -  COS  2©) 

r?  +  1   ^2  -  1 
=  -^^-2 —  "■  "^ —  oos  2©   , 


cos^  ©  +  r|  sin^  ©  =  a  -  b  oos  2©  ,  (2l6) 


where       p 

^1  -^  1  r|-  1 

a  =  *  2  '   an<i   ^  =■    2~"  •  ^217) 

It  may  be  noted  that  a  >  0  and  a^  >  b^.  With  the  use  of 
equation  (2l6),  I^^  may  be  written 

I,  «  log  a  /"  e-^^®  d© 
■••         -n 

+  ^  /^  [log  (a  -  b  oos  2©)]e-^^*  d©  , 
"^  -n 

(21g) 

or,  since 

/"  e"^^  d©  =  0,  for  n  ?^  0  , 


-TT 


II  =  ^  /^  [log  (a  -  b  oos  2©)]e"^^  d©  ,       (219) 

■^    <^   -TT 

Replacement  of  e~^^  by  cos  n©  -  1  sin  n©  leads  to 
It  =  i  /  [log  (a  -  b  oos  2©)]cos  n©  A© 

■^    '^  -TT 

-  2  "^TT  ^^°S  (a  -  b  cos  2©)]sln  n©  QB, 

(220) 
But  the  integrand  of  the  second  integral  here  Is  an  odd 


-72- 
functlon;  hence,  /^  [log  (a  -  b  cos  29)]sln  n&  d©  =  0,  and 

It  =  i  /^  [log  (a  -  b  cos  2©)]oos  n»  d9  ,   (221) 

Now,  Integration  by  parts  gives 

II  =  |{[log  (a  -  b  cos  2©)]  aifl^  I"" 

_  k  /TT  Sin  ne  sin  2g,  ao 

n  'Ltt  a  -  b  cos  20  ^^ 

_  t  yf^  ain  tt^  fila  2&  a©  (222) 

-  "  n  in  a  -  b  cos  20  **  '  ^^'^'^^ 

Use  of  the  identity 

sin  ne  sin  20  =  ^cos{n  -  2)  e  -  oos(n  +  2)  9]     (223) 

In  equation  (222)  gives 

T    =  fe-  ( /^  gQa(a  ^  S)&  d©  -  /^  gosia  -  g)&  d©  1  .  (221^.) 

•'■I       2n  r.TT    a  -  b  cos  2©  Itt    a  -  b  cos  2©  ^  J     *      ^   ^' 

In  these  integrals,   let  cp  «  2©,  dqp=  2d©;   then,   for  example, 

/^     0Q8(a  •*•  2)g     d©  =  2  /''  CQ8(n  -^  2)^     dft 
-TT    a  -  b  cos  2©  ^  "^0    a  -  b  cos  2©  ^ 


/2TT  cos(B-t-^)cp  ^        ^ 

^     a  -bios       ^^    •  <225) 


and  equation  (22i^•)  beoomes 


_    ]2_  f  r2^  cos(^  g  ^)(;p      ?TT  cos(fi-~2.)<p 

^l"2ni^  a  -  b  5os  ■■  ^»  "  -g^  a  -  b  cos   >^^}  '     ^^26) 

Now,  the  values  of  the  integrals  in  this  equation  are  given 
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by  equation  (215),  with  k  =  ^  g  ^  and  k  =  ^  T  ^,  respectively , 


Thus, 


-2IL 


b 


a  -  V^^"^^\  "^ 


(227) 


This  expression  for  I^  simplifies  >riien  it  Is  observed  from 
equations  (217)  that 


V^TT?.^  and  ^"Y^^^^ 


o2  , 


(22g) 


where  o  Is  the  quantity  defined  by  equation  (^1),  The  use 
of  these  relations  and  equations  (217)  in  equation  (227) 
leads  to 


^1  = 


TT(r^  -  l)(c^  -  1)0^-^ 
2nrT 


(229) 


A  further  Bimpllfl cation  follows  from  the  observation  that, 

2   ^1  -  ^       ?   Tp  -  1 
s^ce  o  =  ^4-1  and  d'^  =  -^ 


ri  +  1 


ro  +  1  » 


(r^  -  iXc*^  -  1)  =  (r^^  +  l)(ri  -  l)(o2  +  DCo^  -  1) 

.2 


-  ifr^c' 


and  similarly, 


(230) 


(rg  -  l)(d'^  -  1)  =  -  l^r^d^  . 


With  the  use  of  these  relations,  equation  (229)  becomes, 
finally, 

II  =  -  ^  .  (231) 


-7^ 
Examination  of  the  first  two  of  equations  (207)  reveals 
that  I2  differs  from  I^^  only  in  the  replacement  of  r]_  by  r2. 
It  follows  that,  under  the  assumption  n  ?^  0, 

^2  =  -  ^  .  <232) 

where 

d-\l^^^ 

Consider  next 

_,         r-i    sin  ©     ,- 
I3  =  /^  [arc  tan  (  '^cos  8  )3e"^^  d© 

(page  62),  and  assume  again  that  n  f^  0,     Integration  by 

parts,  with  the  observation  that 

r-,   sin  e  ride 

d  [arc  tan  (   ^^^^  q   )]  =  5 5 p—     ,  (233) 

°°°  ®  oos^  ©  +  r J  sm^  © 


yields 

I3  «  {[arc  tan  ("'"o^rV)]  J^  e-^» 


r^sin  © 


-TT 


— i  / S— _ j3 —  cl9 


i.e., 

^n  ^_       ir 


I,  =,  (-1)     Stt;  .  jll  /.tt    ,   p<?s  n© 

5  ^  n     -TT    oo?©Vr£ 


d© 

sin  © 


!1  /  SXA  W d©   .  (23^^) 

^     -TT  oos^  ©  +  r J  sin"^  © 
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But  /"  g  B^B  ^8 m —  de  =»  0,  since  the  Integrand  Is  an 

-TT    cos     ©  +  rj  sin     e 

odd  function.     Hence, 

I       LJj^^Tji  ,  ii  ^TT  ffoe  Bg ^do    .    (235) 

^  ^  ^     -TT    cos^  ©  +  rj  sin*^  e 

The  application  of  equations  (2l6),  (225),  (215),  and  (22g), 
successively,  to  the  integral  here  gives 

/•"  ■  ggp  a^  .,  d©  =  f   egg  n^  ,  a© 

U    oos2  ©  rrf  sln^  ©      '"  ^  "  ^  °°^  ^8  ^^ 

^TT   COS  #  Cp 
s  /     I.  ■  .  ,  .fa  -  dcp 

"0   a  -  b  cos  <p  ^ 


i.e., 

,  gQg  Qg 5—  d©  =  ^isa 

}2  ©  +  rj  sin'=^  ©      n 


f gQg  ^e ^—  d©  =  22fi£  .         (236) 

-TI   COS^  ©  '        "  **" 


The  use  of  this  resiolt  in  eqioation  (235)  leads  to 

Since  it  may  be  seen  from  equations  (207)  that  I||. 
differs  from  I,  only  in  the  replacement  of  r]_  by  r2,  it 
follows,  by  equations  (ill),  (4-2),  and  (237),  that 

i^.3"H(-i)°-a°]  ,233) 
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As  was  the  oase  for  I^,  it  Is  assiimed  here  that  n  j^  0, 
The  Integral 


I.  =  f   e-<^-2)© 


'5 


-V 


d9 


(page  6S)  can  be  evaluated  directly  to  yield 

|2n.  forn  =  2  ^^^^^ 

^        (.  0,  for  n  =  I  1,  -  2,  i  3,  1  If,  .  .  .  . 

Consider  lastly 

l5  =  /^9e-^^de  , 

(page  6g),  and  assume  again  that  n  ?^  0,  Integration  by 
parts  gives 

or 

sinoe 

/^  e-^®  d©  =  0   f or  n  7^  0. 

Attention  is  returned  now  to  o^i  given  by  equation  (20g). 

With  1-^   through  I5  given,  respectively,  by  equations  (231), 

(232),  and  (237)  through  (24o),  equation  (20g)  becomes,  for 

n=  1  1,  -  2,  1  3.  i^.  .  .  .  . 

=  A^+Bfln   riA[(,i)n  ,  qII]   r^B[(-i)^  -  d^] 
^^  "    n  n     "  n       ~       n 

.fisai^    .        (241) 
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or,  with  like  teiTns  In  n  collected, 

n  =  1  1,  -  2,  t  3,  1  i^,  .  .  .  .   (2l;2) 

Substitution  of  the  values  given  by  equations  (192)  for  A 

and  B  in  the  expression  r^A  +  r2B  +  P^^  shows  that  this 

expression  is  identically  equal  to  zero.  Hence,  equation 

(24-2)  may  be  written 

ACrj^  +  l)c^  +  BCrg  ■*•  l)d^ 
^  ^  n 

n  =  1  1,  -  2,  ±  3,  1  if,  .  .  .  .     (2il3) 

For  n  =  2,  the  same  equations  cited  for  On  with  n  ?*  2  lead  to 

2 
02  =  Ccj^,  equation  (2^13)]  ^^  +  ^g^  .       (2^) 

The  value  of  o^  for  n  =  0  will  be  simply  denoted  by  Oq,  not 
evaluated. 

The  constants  0n,n=il,l2,  ,  ,  .  ,  have  been 
evaluated  to  serve  in  equation  (205),  from  which  the  con- 
stants an  and  b^  can  be  evaluated.  For  convenience,  however, 
the  values  of  o^  will  not  be  used  in  the  following  analysis 
until  explicit  expressions  for  a^  and  bn  have  been  obtained. 

With 
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and  (^3) 

ay 


and  with  ^2.  =  ^2  ~  ©^^o^  the  boimdary  of  the  disk,  equation 
(205)  becomes 

With  ijj  and  b  denoting  the  coniplex  conjugates  of  a^^  and  b^, 
respectively,  this  equation  may  be  written 

Z  (a„e^^®  +  5  e-^®)  +  E  (b„e^i»  +  b^e'^^^) 
-oo  ^jx  jx  -oo   n       n 

=  2|  c^e^^  ,    (21^6) 
or,  rearranging  the  terms, 

(l--l)|ane^^^(l--2)|V"'' 

+  (1  +  ri)  I  a^e-^^^  +  (1  +  r^)  |  V'^^ 

=  2|  Oj^e^®   .    (2lf7) 

The  equating  now  of  the  coefficients  of  eF^^  in  the  two 
members  of  this  equation  gives 


-79- 
(1  -  ri)a^  +  (1  +  ri)a_^  +  (1  -  r2)b^  +  (1  +  r^)l>^^   =  2o^. 

n  =  0,  t  1,  1  2,  .  .  .  , 

(2l^) 
i.e., 

(1  -  ri)a^  +  (1  +  ri)a_^  +  (1  -  r^)\>^   +  (l  +  r2)b^^  =  2o^ 

and  ( 2^9 ) 

(1  -  ivL)a^-H  (1  +  ri)5^  +  (1  -  r2)b^^  h-  (i  +  rg)^^  =  2o^^. 

n  =  0,  1,  2,  .  .  ,  , 

Novr,  by  the  same  argument  as  that  given  on  pages  19  and 
20,  equations  (4-9)  and  (50)  apply  here;  i.e., 

a.n  =  ^-o^^X  ^^  ^-n  =  (-^^^X  • 
Henoe,  eqixations  (2^9)  loay  be  written, 

(1  -  r^)&^   +  (1  +  r;L^^-°^^X  ■*■  ^1  -  ^2^^n 

+  (l  +  r2)(-d2)X=2o^ 

and  (250) 

(1  -  ri)(-o2)'^a^  +  (1  +  r^)^ 

+  (1  -  r2)(-d2)»bj^  +  (1  +  r^)\   =  2o_,j^  , 

n  =  0,  1,  2,  .  .  .  . 

As  has  been  stated  earlier,  the  constant  terms  in  -r*- 

and  ^,  Khioh,  in  equations  (^3)»  are  the  only  terms  involv- 
ing Qq   and  bQ,  have  no  effect  on  the  corresponding  stresses. 


glren  by  equations  (6),  There  is  no  need,  therefore,  to 
evaluate  a^  and  b^,  and  equations  (250)  vriLll  be  considered 
only  for  the  oases  n  =  1,  2,  .  .  ,  ,  It  Is  seen  from  equa- 
tions (192),  {2Kj)   and  (2^^)  that,  for  these  values  of  n. 

Let 

a^  =  A^  +  la^  and  b^  =  B^  -f  1(3^  ,  (72) 

where  \^»  o^^t   ^n»  ^^'^  '^n  ^^^   i*eal  constants.  Then  considera- 
tion of  the  real  parts  of  equations  (250),  noting  that  c^  Is 
real  for  n  5^  0,  leads  to 

C(l  -  ri)  +  (1  +  ri)(-c2)''3Aj^ 

+  C(l  -  rg)  +  (1  +  r2)(-d2f]B^  =  2o^ 
and  (251) 

C(l  -  ri)(-o2)n  +  (1  +  r-L)]A^ 

+  C(l  -  r2)(-d^)^  +  (1  +  r2)]Bj^  =  2c.jj  , 

and  consideration  of  the  Imaginary  parts  leads  to 
[(1  -  r^)  -  (1  +  ri){-c2)^]aj^ 

■«-  [(1  -  r2)  -  (1  +  r2)(-d2)^]/3^  =  0 
and  (252) 

C(l  -  ri)(-o2)^  -  (1  +  ri)]a^ 

+  [(1  -  r2)(-d2)n  .  (1  +  j.^)]^^  =  0  , 
n  =  1,  2,  .  ,  ,  , 


Prom  eq-uatlons  (251),  now, 


20 


2x11 


-n 


(l-r2)+(l+r2)(-d'^) 


^1  = 


(l-ri)+(l+ri)(-c2)n  (l-r2)+(l+r2)(-d2)" 

(l-ri)(-c2)^(l+ri)  (l-r2)(-d2)^(l+r2) 


and 


(253) 


^ 


(l-ri)+(l+ri)(-c2)^ 
(l.iVL)(-.c2)n+(l+ri) 


2«a 

2o 


-n 


(l-ri)+(l+rj^)(-o2)^  (l-r2)+(l+r2)(-d2)^ 

(l.r3^)(-o2)^(l+r3^)  (l-r2)(-d2)^(l+r2) 


Evaluation  of  the  determioiants  and  subsequent  simplification 
yield 

(25^) 


n 


and 


\ 


i^(Op+o.n)[l-(-o^)°]+(On-c_n)[l-t-(-o^)°] 


where 


^n  °  (ri-r2)[l-(o2d2)n].(r3^+r2)[(«c2)n-(-d2)n]   , 

n  =  1,  2 (97) 


+  B(rp  +  l)(a^  -  d-")]      (255) 


+  B(rp  +  l)(a^  +  d-^)]   , 


-ga- 
it was  shovm  In  Chapter  II,  pages  2S  through  33,  that  ^^  f^  0 
for  n  =*  1,  2,  .  ,  ,  ,  Prom  equation  (2^3),  which  gives  the 
values  of  c^   for  n=tl,  -2,  I3,  1^,  .  ,  .  ,  It  follows 
that 

Cn  +  o-n  =  JtA(ri  +  l)(o^  -  o'^) 

■2 
and 

^n  -  °-n  =  n^^^^  +  l)(c^  +  c"^) 

'2 
^  =  1.  3,  ^,  .  .  .  .       (256) 

Use  of  these  equations  In  equations  (25^),  followed  by  some 
straightforward  manipulation,  yields  the  results 

-          A(r-  +  l)(o2n  +  (-d^)^) 
^  —  ^Hrs^DC^.^ ^ ■ 

+  (1  +  (-l)^)B(r2  +  l)d^] 

ACr.  +  1){1  +  (-o^d^)^) 
-  (r^  -  1)[~^ ^ 

B(rp  +  !)(!+  (-dV 
+  — ^ -^ ]}  (257) 

and 

^  =  Sd-^^^1  ■*■  ^^t:(l  +  (-l)^)A(ri  +  1)0^ 


B(rp  +  l)((-o^)^  +  d^) 

+  ^ = ] 

d» 


A(r,  +  1)(1  +  (-cV) 


-  (r,  -  1)[- 


B(rp  +  1)(1  +  (-o2d2)n) 
^-^ ? ^^   • 

n  =  1,  3,  i^,  .  .  .  .  (253) 

Prom  equation  (2^),  which  gives  the  value  of  C2,  It  follows 

that 

2 
C2  +  0^  =  Ccn  +  c„n»  equation  (255)3^^2  "^  ^f^ 


and 


(259) 


°2  "  ^-2  "=  ^°n  ~  °-n'  e^^^atlon  (256)3^^2  "*" 
Use  of  these  equations  In  equations  (254-)  leads  to 

^2  =  tA^,  equation  (257)3^^^2  " 

and  (260) 

^ga2[rT  +  1  -  (iv,  -  l)c^3 
B2  =  CB^.  equation  (255)3^^2  "^  55 


/3ga2[r2  -»•  1  -  (r2  -  l)d^3 


Consider  next  equations  (252)  In  a^^  and  ^^,  The  deter- 
minant of  these  homogeneous  equations,  considered  simultane- 
ously, is 

(l-r^)-(l+r3_)(-o2)^     (l-r2)-(l+r2)(-<i2)^ 


^  = 


(261) 


(l.ri)(-o2)"-(l-fr^)     (l-r2)(-d2)^-(l+r2) 
Upon  addition  of  the  second  row  to  the  first,  removal  of  the 


factor  2  from  the  new  first  rovf,  and  subtraction  of  the  re- 
sulting first  row  from  the  second,  it  is  seen  that 

^^  5  2D^  .  (262) 

where  ^^  is  the  determinant  given  by  the  second  of  equations 
(77).  It  was  shown  in  Chapter  II,  pages  2g  through  33,  that 
D^  ;^  0  for  n  =  2,  3,  .  .  ,  ,  and,  as  stated  on  page  33»  cal- 
culation shows  that  D'  =  0.  Hence, 

^1  =  0  , 

but  (263) 

\yf^O     ,  n  =  2,  3,  .  .  .  . 

It  follows  from  this  last  statement  and  equations  (252)  that 
a^  =  13^  =  0,  n  =  2,   ^,    .  .  .  ,  {26k) 

.    but  that,  from  the  second  of  equations  (252)  and  equations 
{^D   and  (ij-2), 

(1  -  rg)(.^ig)  -  (1  -^  rg) 
"^l  ^  "  (1  -  ri)(-c2)  -  (l  +  ri)^^ 

1  +  r.^  (1  -  rg)^  -  (1  +  rg)^ 
"  1  +  ^2  (1  -  ri)2  -  (1  +  ri)2^1 

r^+1) 


-rUZ^l)^!     '  <265) 


where  the  constant  /3-j^  is  arbitrary.  But  this  relation  be- 
tween a -^  and  (3-^,   with /3^  arbitrary,  is  the  same  as  eqiiation 
(101),  Chapter  II,  Since  the  same  stress  fimction  (except 


-g5- 
for  constants)  as  that  of  Chapter  II  Is  being  used  here,  It 
follows  that  the  contributions  to  the  stresses  here  of  terms 
Involving  a  -j^  and  (B-^   are  the  same  as  the  contributions  of  the 
terms  involvlng.oiT,  and  13,  to  the  stresses  in  the  problem  of 
Chapter  II,  which  contributions  were  shown  on  pages  32  and 
35  to  be  zero.  It  is  convenient  to  set  (as  in  Chapter  II) 

a^  =  /3^  =  0  ,  (102) 

For  convenience,  the  formulas  for  the  values  of  a^  and 
bjj,  n  =  1,  2,  .  ,  ,  ,  obtained  from  equations  (72),  (257) » 
(25s),  (260),  (26^),  and  (102),  are  given  below. 

T        A(r.+l)(c2n+(-d2)n) 
^n  =  -  SJ-^^rg+DC ^ -5 +  (l+(-l)^)B(r2+l)d^] 


n 


c» 


A(r,+l)(l+(-c2d2)n)  B(rp+l) (l+(-d^)") 

-  (r2-l)[-^ ^ ^-^—^ ]}. 

n  =  1,  3,  ^.  .  .  .  .   (266) 

1              n        n  B(r2+l)((-c)^d^)^ 
\   =  J5j-{(ri+l)[(l+(-l)'^)A(ri+l)c'^+ -] 

A(r,+l)(l+(-c'^)^)  B(rp+l)(l+(-cV)^) 

-  (r,.l)[^.i«-^^ ^—^ ]K 

n  =  1,  3,  ^,  .  .  .  .   (267) 

pga2[rp+l-(r2-l)d'^] 
^2  "  ^^»   equation  (266)]^^2  "  kD      »   ^^^^ 

and 

oga2CrT+l-(r,-l)c^] 
b2  =  L\,   equation  (267)]j^«2  ■*■  \d       '   ^^^^^ 


-g6- 
where 
D^  =  (ri-r2)Cl-(o2d2)^3  -  (ri+r2)[(-c2)^-(^2jn3  ^ 

n  =  1,  2,  .  .  .  .     (97) 

With  these  constants  evaluated,  the  solution  of  the  problem 

is  essentially  complete. 

As  stated  at  the  outset  of  this  chapter,  the  actual 

stresses  in  the  disk  considered  here  are  obtainable  as  the 

resultants  of  the  stresses  due  to  the  supporting  force, 

given  by  equations  (192)  and  (193),  a^^  the  stresses  due  to 

the  weight  of  the  disk,  given  by  equations  (llO)  through 

(112)  and  equations  (266)  through  (269),  Thus,  insertion  of 

the  values  of  a^^  and  h^   given  by  eqimtlons  (266)  through 

(269)  into  equation  (llO)  and  addition  of  the  result  to  the 

first  of  equations  (193)  lead  to 

(rp+l)(c2^(-d2)n)_(rp-l)(l"i-(-c2d2)^) 
^x  =  «ll  CA(ri+l)~-2^ 

(rp+l)(l+(-l)")d2n-(rp-l)(l+(-d^)^) 
+  B(rp+l)--2 ^ ] 

r^[?;-(-c^)^^;^^3 

%^n 

(ri+l)(l+(-l)^)o^-(r,-l)(l+(-.c^)^) 
-  S  [A(ri+l)-^i= -^ 

(r,+l)((-c2)^d^)-(ri-l)(l+(-c2d2)») 
+  B(r2+1)--^^ -^ -] 

r|[?g>(-d^)^Tg^] 
^2^n 


2        2 

-  ^^t;^  -  ;&?  -  psx  .  (270) 


where 

,  _  P^!!lli!±kl   3na   B  =  e!S!£iil4^  .    <X92) 
2(rJ-r|)  2(r-j^-r2) 

Similarly,  with  equations  (ill)  and  the  second  of  equations 

^193)  playing  the  roles  of  equations  (110 )  and  the  first  of 

equations  (193) »  respectively, 

(rp+l)(o^(-d2)^)-(rp-l)(l+(-c2d2)^) 
Oy  =  Ri^ZUir^^l)-^ ^ 

(rp+l)(l+(-l)^)d2»-(rp-l)(l+(-d^)n) 
+  B(r2+1)-^ ^ ] 

2xn-.-n 


«>n  .  2xn-.-: 

"A 

(r,+l)(l+(.l)")o2n-(r,-l)(l+(-o'*)") 
*Z   [A(ri+1)— 1 —-^ 

■nn     JL  r»n 


(r-+l)((-o")"+d"")-(ri-l)(l+(-o'^d'^)^) 

+  B(rp+1)— i -— = ] 

'^  d^ 


^2^n 


-  pga2[r2+l-(r2-l)d^]-g5^ 

and,  with  equations  (112)  and  the  third  of  equations  (193) 

playing  these  respective  roles, 

(rp+l)(c^(-d2)Ji)-(r2-l)(l+(-o2d2p) 
^xy  =  H{iZ,[A(ri+l)-^ ^ 

(r2+l)(l+(-l)'^)d^-(rp-l)(l+(-d*^)^) 
+  B(r2-i-l)-^ -^ ] 

(r,+l)(l+(-l)^)c2^-(r,-l)(l+(-c^)^) 
-  i2^CA(r,.l)-^ ^ 

(r^+l)((-c2)"4-d^)-(r^-l)(l+(-o2d2)^) 
^  B(r2+l)-i ^^ ] 


W2^n 


.2  k-^2, 


+  pgai[r2-H>(r2>l)d^]  -^  ^^^^^^ 

.  r2(^2-<i^c;^) 

-  pgaiCri-H-(ri..l)c^]  ^  gwi^    ^ 


r^Ay  r|By 


x2+r2y2  "  x2+x|y2      ' 
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(272) 


where,  as  for  (T^f   A  and  B  are  given  by  equations  (I92),  The 

similarities  of  these  stress  formulas  permit  the  writing  of 

the  oonrposlte  formula 

(rp+l)(c2n+(^2jnj_(^  ,j(3^^(_^2^2)n) 

Sk  =  Ri\?jA<Vi^-^ -^ 

+  B(rp+1)— ^ r—^ ] 

^  d^ 

1  n 

(rT+l)(l+(-l)'')c^-(r,-l)(l+(-c^)^) 
+  U.  Z  [A(rT+l)--^- --^ 

^Tl:!       ±  (vn 

(r-.+l)((-c2)%d2n)-(ri-l)(l+(-c2d2)^) 
+  B(r2+1)"-J' -^ ] 

2\n,o-n 


Cg-(-a^)"^g 


"s^n 


pga2[r,+l-(r,-l)d'*][Tf-AT^] 

-\P^*\  ^^  *  \  -^z   .  1^  =  1,  2.  3.  (273) 
where  Sj^,  Tj^,  Uj^,  Vj^,  Xj^,  and  Yj^  are  given  by  the  table 


below. 
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k 

\ 

\ 

"k 

\ 

\ 

\ 

1 

^x 

^l 

-4 

1 

.4. 

-r|x 

2 

^y 

-1 

1 

1 

X 

X 

3 

•-xy 

i"-! 

-irg 

0 

-r|y 

-r|y 

Those  components  of  the  displacements  resulting  from 
the  stresses  due  to  the  weight  of  the  disk  have  been  obtained, 
except  for  the  new  values  of  the  constants,  in  section  2,5 
and  are  given  by  equations  (139)  and  (l4o),  together  with 
equations  (266)  through  (269)  for  the  values  of  sl^   and  b^j, 
n  =  1,  2,  ,  ,  ,  .  To  find  the  contributions,  call  them  u' 
and  v',  of  the  stresses  due  to  the  supporting  force  at  the 
center  of  the  disk,  let  the  values  of  the  stresses  a^  and  cr' 
given  by  the  first  two  of  equations  (193)  ^e  substituted 
into  the  first  two  of  equations  (2)  to  yield,  after  simpli- 
fication. 


ax 


2  , 


Ex       x2+r2y2       ^rx2+r2y2 


and 


(27^) 


,Si£l 


2.. .2  2 


y   x-+riy^     -y   x  +r2y 
Eqiiation  (9)  has  been  used  here  to  simplify  the  coefficients. 


Integration  of  the  first  of  equations  (27^1-)  with  respect  to 
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X  and  the  second  with  respect  to  y  gives 


and  (275) 

V'  =  -V^— —  Arc  tan  -^+  ^^^^   ~  Arc  tan^+g(x)  . 


where  f(y)  and  g(x)  are  as  yet  imdetermined  functions  of 
their  arguments.  These  functions  will  be  determined  by  the 
method  used  in  section  2,5. 

The  derivatives  of  u'  and  v*  with  respect  to  y  and  x, 
respectively,  obtained  from  the  equations  above,  are 

and  (276) 

^^    ^r^TTrP   Ey   ?;^^  az   • 

With  these  expressions  for  the  derivatives,  the  last  of 

equations  (2),  vrith  ?■__  replaced  by  T'  ,  yields 

■*<y  xy 

r?+U  r?i>     +1       r?Ay 


xy  xy*-'     E 


4^y     ^^^?y^ 

^x  r|Ey         x^+r|y2         <^7  d.x     '    ' 

(277) 
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But,  by  equations  (I30),  the  quantities  in  parentheses  are 
each  equal  to  ^|*-  .  Hence,  the  equation  above  may  be  virltten 


'xy 


rfAy      r^By 


^.-  ^ 1^ 2 +  Q^r^illl  +  MxL]  .   (27g) 

^xy    x2+r2y2   x^+r^yS    ^^  ij  dx  ■•  '   ^''^^^ 

Comparison  of  this  equation  vjith  the  third  of  equations  (I93) 
indicates  that 

i.e.,  since  G„  /   0, 

dy       dx    •  ^"^^^^ 

Since  the  lefthand  member  of  tliis  equation  is  a  function  of 
y  only,  while  the  righthand  member  is  a  function  of  x  only, 
the  fact  that  the  equation  must  hold  for  all  points  (x,  y) 
within  the  disk  leads  to  the  conclusion  tliat 

%^\^'  '   =  -  '^^^^  =  Ic,  where  k  is  some  constant.  Integration 

of  these  functions  gives  , 

f(y)  =  ky  +  m 
and  (221) 

g(x)  =  -  kx  +  n, 

where  m  and  n  are  arbitrary  constants.  These  constants  m 
and  n  represent  constant  contributions  to  u'  and  v',  as  is 
seen  from  equations  (275)»  and  hence  represent  a  rigid  dis- 
placement of  the  whole  disk;  it  follov/s  that,  if  the  support 
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Is  to  be  stationary,  then  m  =  n  =  0,  Also,  the  fact  that  the 

displacement  u'  (in  the  x-dlreotlon)  is  syrnnetric  with  respect 

to  the  x-axls  requires,  considering  the  first  of  equations 

(275)1  that  f(y)  be  an  even  function,  i.e.,  tliat  k  =  0, 

With  k  =  m  =  n  =  0, 

f(y)  =  g(x)  =  0  ,  (232) 

and  equations  (275)  become 

A(rf  +  i;„)      -    -  p^ 
u«  = *u  ^  log(3:2  +  ify"^) 

B(r?+  V^J 


Itel  "^    log(x^  +  r|y2)  (2^3) 


and 


"IE 

X 


A(r?i>,_  +  1) 


v'  =  *-^r^ Arc  tan 

r^a 


X 


^^J^i^vx  +  1)         rpy  ,   ,  , 

^  cL.ji ^^,  ^g^  -fc-   ^  (2gl|.) 

rgEy  ^ 

Now  the  actual  displacements  in  the  disk  are  given  by 
the  sum  of  equations  (139)  and  (2S3)  and  the  sum  of  equa- 
tions (l^K))  and  {2&k);   thus, 


-  ^^^^1^  loc(:^+r|y2)-  ^^^^  log(  Ar^y^)   (235) 


-9^ 
and 

"•  y  *-  y 

+  -g^ —  pgxy  +    *  ^^ Arc  tan  -^ 

+  Te  Arc  tan  -^   ,  (2g6) 

vfith  A  and  B  given  by  equations  (192)  and  a^^  and  To^   given  by 
equations  (266)  through  (269), 
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